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ON THE DERIVATES OF A FUNCTION 
BY 


AVADHESH NARAYAN BiNGH, 


(University of Lucknow) 
Introduction, 


l. The most general results as regards the derivates of a continu} 
ous function are those given by Prof. Denjoy and Prof. Young. Prof, 
Denjoy’s result* is: 


If f(&) be a continuous function, finite at each point and if a set of 
measure zero be left out of account, then, at the various points x, only the 
following four cases are possible ; 


(1) Dt=D-=D,=D-_=fiite, 
(2) Dt=D-=oo ; D,=Di=—oo, 
(8) D*zoo, Di=—o ; D,z D^ —finite, 
(4) D-7-oo, D,2: —oo ; D. —D* — finite. 
The resultt given by Prof. Young is the following 


There is no distinction of right and left as regards the derivates of a 
continuous function except at a set of the first category. 


It will be observed that the above theorems give the relations that 
subsist between the four derivates at the various points r, in the interval 
of definition of f (x), if, as in Denjoy's theorem we leave out of account 
a set of measure zero, or as in Young's theorem we leave outa seb of 
the first category. ; 

In the present paper, instead of taking the four derivates together, 

- wie-consider (1) the relations that subsist between the two derivates, 
on the same side, at the various points z, in the interval of definition of 


* Denjoy : Memoire sur les nombres derives des fonctions continue. Journ. de 
Math., (7), Vol. I (1915), pp. 105-240, 

+ W. H. Young : Oscillating successions of continuous functions. Proc. London 
Math. Soc. (2). Vol. 6, pp. 298-320; also see, ‘On derivates and the theorem of the 
mean’, Quart. Journ. of Math., Vol. 40 (1909), pp. 1-26, 
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f (æ) ; and (2) the values that one of the "derivates (say D+) can have 
at the various points v, in the interval of definition of f (a). 

Denjoy’s theorem states that the two derivates on the same side 
cannot both be finite and different except at a set of measure zero. The 
question naturally arises: What relations, if any, subsist between the 
two derivates on the same side if we do not restrict them to be finite? œ 
An answer to this question is given by theorem I of this paper. 

We know that one of the derivates (say D*) can be finite every- 
where. Theorem II of this paper shows that the upper (lower) deri- 
vate cannot be -Foo (— 00) at all the points of the interval of defini- 
tion of f (æ }. with the possible exception of those that belong to an 
enumerable set, which may be everywhere dense, and those that belong 
to a non-dense set which may be of positive measure. 

A number of interesting corollaries to the above theorems have 
also been given. It is not kn wn whether the exceptional set of mea- 
sare zero, which occurs in the enunciation of Denjoy’s theorem, always 
exists.* By the help of the results obtained in this paper it has been 
found possible to enumerate the cases in which the exceptional set 


must exist. 
All the results of this paper are believed to be new. 


2. TnuzonEMI,. Iff (a) be finite and continuous or quasi-conti: 
nuoust in the interval (a, b), then, it cannot possess a right (left) 
hand upper derivate that is greater than a finite number o,, anda 
right (left) hand lower derivate that is less than another finite num- 
ber oa, (c4 <c), at each point of the interval (a, b), which does not 
belong to an enumerable set Gand a non-dense set N, at which 
nothing is known as regards the values of the derivates. 


Proof: Let f («) be a finite and continuous or quasi-continuous 
function in the interval (a, b), and, if possible, let 


D*f(z) >o0, and D,f(z)«o;, 


at all the points z in (a, b) which do not belong to an enumerable set 


G and a non-dense set N; where c, and o, are finite numbers such — 
that c, <0}. Rr 


e 


* As regards the exceptional set of the first category which occurs in the enuncia- 
tion of Young's theorem, it is known that it exists im the case of all non-differen- 
tiable functions. See W. H. Young, On the derivates of non-differentiable functions, 
Messenger of Mathematics, Vol. 88, (1908-9), pp. 65-69. $ 

+ A function is said to be quasi-continuous if its points of discontinuity form a 
non-dense set, At the points of discontinuity the function may be infinite. 
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As f (x) is quasi-continuous in (a, b), it is possible to find an inter- 
val (a’, b^), in (a, b) , in which the function is continuous. Further, as 
the set N is non-dense, it is possible to find an interval (a, 8), in (a’, b’, 
in which there is no point of N. Let G' be the part of G contained in 
the interval (a,8). Then as G' is enumerable, its points can be exhi- e 
a bited as a series 
(2.1) yy Ugs Ugyes sestian. os l i 
Corresponding to the point u, (n=1,2,...), let there be assigned the 
* greatest interval §,, with w, as left end point, such that . , 


(2.2) MSS | 
and Ms 

(3). | fé.) 1 Eg; o 

if | Uy | «E, 


where e and e are arbitrarily chosen small positive numbers. Such 
intervals exist because the function is continuous in (a, A). 

We can now construct a chain of intervals * in (a,8) as follows : 

If a does not belong to the exceptional set G’, then, with a as left 
end point we find the greatest interval (a, «,), such that 


(es 


Ke)-fe). vs 
$,—a . 
Such an interval exists for D*f(a) »o,. 


If a belongs to G’, it is a point «, of the series (2.1), and: we assign’, 
to a, the interval 


8, =(a, 2j). 
Again, to æ, let there correspond the greatest interval (£z ,z %a), such 
that ] 
flz,)—fle@.) Y > 
— Taoa 0" ; 


or the interval 
$, ICA P va) 


according as 2, does not belong to G', or is the point u, of Gf. 


* The following portion of the proof is greatly simplifled if we assume the exis- 
tence of the chain of intervals. 
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Constructing as above we get a chain of intervals 
(a, 2), (2, ty), (te, Does 


This chain may or may not reach B. If it does not reach 8, the end 
points of the intervals of the chain have a limiting point £ within 
(a, 8). We then begin with é and construct a chain of intervals as e 
hefore. If this too, does not reach f, therb is as before a limiting point 
y. We then begin with y and construct a chain of intervals as before. 

We repeat the procedure sketched above till we reach p or "a -point 
p which lies in the interval (8 —0, 8), where 0 is a predetermined small 
positive number, such that REL 


(2.4) 1,(8)—f() | <>, 


where À is an arbitrarily chosen small positive number. 

A chain of intervals reaching from a toa point arbitrarily near p 
exists, for if the process of construction does not come to an end, the 
cardinal number of intervals required to be constructed within (a, p) 
would be unenumerable, which is in contradiction to the well known 
result that every set of non-overlapping intervals is enumerable. 

The chain of intervals 


(2.6) (a, $1), (z, 84), eee £i), (é1, € 4)... 
eiii ee (nM), (01, 0:2... (0, B) 


reaching from a to fj, is composed of 


(2.7) aset of intervals with points of G^ as left end point, which we 
denote by (A.], 


(2.8) a set of intervals whose left end points do not belong to G^, and 
such that the inorementary ratio of the end points of each interval of 
the set is greater than or equal to c,, which we denote by (8,.] ; 


(9.9) and the interval* (p, B) such that 


"OER 
= 1f) | "e 


La 
(2.10) B-A 906 -f(H-Ut)— f. 7 
eek E) SE} AME) E 


eec fin) -fo + o) 
Teesf(B - f) 


# This is absent, in case the chain of intervals reaches 8. 


ON THE DERIVATES OF A FUNCTION 3 
The sum of the function differences for the intervals {A,} is 


(2.11) sS 2 z te, So by (2.3), 


and the sum of their lengths is 
(2.12) < = ds ie. Se by (23). 
Therefore, the sum of the lengths of the intervals {S,} 


(218) SS, is >(8—c)—e~(B—p) 


te, > (B—a)—e—8. 
Hence 


(2.14) filaa, o {e)l} 
>0,{(8—a)—e—0}—o—A 


But e, 0, wand À can be each taken as small as we please, 
(2.15) no f BI-f(@) zo: B—2) — k, where k is arbitrarily small, 


In alike manner, as D,f(c <o,, wecan by similarly construct- 
ing a chain of intervals show that 


(2.16) FB) —f(a) & e, (8—2) +k. 


As k is arbitrary, and c,«c,, the results (2.15) and (2.16) are 
contradictory. Therefore, our supposition is untenable and theorem I, 
holds. 


8. Corollary I. If f(z) be finite and continuous or quast-continuous in 
(a,b), then, it cannot possess at each point in (a, b), with the possible excep- 
tion of the points of an enwmerable set and a non-dense set, a right (left : 
hand upper derivate which is equal to oo and a right (left) hand lower deriva- 
te which ts equal to —oo. 


This follows at once from Theorem 1. We see that the possibility 
(2) of Denjoy's theorem cannot occur everywhere, so that, in this case 
an exceptional set exists. When f(x)is not totally non-differentiable 
it can be easily shown by means of a suitably constructed example that 
the exceptional set may be everywhere dense and of positive measure 
When f(«) is non-differentiable, it follows from a result of W. H 
Young * that the exceptional set exists and ?s of the first category. 


* W. H. Young : On the derivates of non-differentiable functions, Messenger o! 
Mathematics, Vol. 88 (1908-9), pp. 55-69. 
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Corollary I further enables us to state that the exceptional set.of 
the first category must be such that it is nof composed of an enumerable 
set and a non-dense set, in other words, the exceptional set must be 
unenumerable in every interval inside the interval of definition of Fle). 


Corollary II. Associated with every finite and quasi-continuous . 
function f(x), defined in the interval (a,b), is an unenumerable every 
where dense set* of points im (a,b), at mo point of which, the in- 
equalitiea 

Dif(z) > o,, D f(x) € o, 
are together satisfied; e, gnd og being any two finite numbers such 
that c9 «0. i DE 


Corollary III. If f(x) is a finite and quasi-continuous function 
in the interval (a,b), then, there exists an unenumerable everywhere. 
dense set of points in (a,b), at each point of which one of the 
following two cases occurs : 

(a) a< D. < D*, 

(b) D, s Dt < B, 
where a and B are any two arbitrarily assigned numbers, such that: 
«« p. 


The above resulb can be easily deduced from theorem I, and is 
more general than the following known result: + 


If E be a set of points in the interval (a,b), at which Df(a), 
one of the derivates of a function f(x), continuous in (a,b), has a 
fixed sign (and is not zero), the set E, when it exists, is unenumer- 
able, and contains a perfect set. 7 


4. "TuEoREM II. A finite and quasi-continuous function f(x), 
defined in the interval (a,b), cannot possess an upper right (left) 
hand derivate which is equal to o at each point of (a,b) which does 
not belong to an enumerable set G and a non-dense set N. 


‘Proof: Let f(c) be finite and quasi-continuous in the interval (a,b), 
and if possible let D*f(z) zoo at each point zin (a,b) which does not 
belong to an enumerable set G and a non-dense set N. 


* Tho set is such that it is unenumerable in every interval in (a,b). 
4 See de la Valeo Poussin's Cours d'Analyse, 2nd. ed., Vol. I, p. 80. The 
proof given there is incorrect as has been pointed out by Hobson. Of. Hobson's 


Theory of Functions, 8rd. ed., Vol. I, p. 586. 
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As in the proof of theorem I, we can find an interval (a,8) which 
does not contain a point of N and in which f(.) is finite and continu- 
ous. Thus f(8)—f(a) isa finite number. Let G’ be the component 
of G in (a,8). S s : x 

Let M be an arbitrarily chosen large positive number, 

Then with a point æ, which does not belong to G' as left end 
point, there exists a greatest interval 8,z(r,trz-À), the incrementary 
ratio of whose end points. 


fl(e+h)—f(a) 
(4.1) St SM 


Further, with each point of G' as left end point, we can assign a 
definite interval as in (2.1), (2.2) and (2.3). 


Now, as in the proof of the previous theorem, we can 


(A) construct a chain of intervals reaching from a to B, such that there 
isa set of intervals belonging to this chain, the sum of whose lengths 
is 

(42) - 2(b—a)—«, 


where ¢ is arbitrarily small; and for each of which the incromientery 
ratios formed by the end points is 


(4.8) CUR M, 


while the sum of the absolute values of the function-differences for 
the remaining intervals of the chain is less than or equal to an 
arbitrarily assigned small positive number x and thus 


(B) show that 
(4.4) U^ f-f9)» M(B—a)—x 
where « is abiiy small. 


The function f( ») being finite, fi 8) T is fixed and finite so thaz 
(4'4) is absurd, and therefore, theorem II holds. It follows thas 
The,set of points where D*f(z) is not equal to & must’ bé unenumer- 
able and such that itis not composed of an enumerable set and c 

non-dense set. 

The above reasoning helas for any interval (p,q) in 1 (a, b) ; therefore ; 
the points where D*/(r) 18 not equal to œ [must form an everywhere 
dense set in (a,b). We have, therefore, the following result ; 
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If f(x) be finite and quasi-continuous, in the interval (a,b), there 
exists an unenumerable everywhere dense set of points in (a,b) at 
each point of which D*f(z) is not equal to co, 


Similar results hold for the lower derivate. 


Corollary IV. A finite and quasi-continuous function defined 
in the interval (a,b), cannot possess a right (left) hand lower deriva- 
tive that is equal to —oo at each point of (a,b) which does not belong 
to an enumerable set G anda non-dense set N. In other words, 
there exists an unenumerable everywhere dense set of points E, 
in (a,b), at each point of which the lower derivate on the right (left) 
isnot —oo. The set His such that the part of it contained in any 
interval in (a,b) is unenumerable. 


Corollary V. The following well-known theorem follows as a 
corollary: a continuous functions f(x) cannot have, at every point 
of a whole interval, a single valued derivative on the right (left) 
which is everywhere infinite and of the same sign.* 


Corollary VI. The cases (2) and (8) or (2) and (4) of Denjoy’s 
theorem cannot occur everywhere in a whole interval, with the 
possible exception of an enumerable set and a non-dense set. 


The cases (2) and (3) of Denjoy’s theorem are; 
(2) Dt=D7=%; D,=D_=—o 
(3) Dt=oo, D. —— o0»; D, —D^ —finite. 


If these occur, then, D*-oo at each point of (a,b) which does not 
belong to an enumerable set and a non-dense set, which by theorem II 
is impossible, if f(z) be finite and continuous or quasi-continuous. 

The second part of the corollary can be similarly shown to hold. 

It follows from our discussion that out of the four cases enumer- 
ated in Denjoy’s theorem, only the case (1) or the cases (2), (3) and 
(4) together may occur everywhere in an interval. 


Bul. Cal. Math. Soe., Vol. XXII, 1930. 

* This follows as a particular case of theorem II. It has been proved ia 
Hobson's Theory of Functions, ete., 8rd. ed., Vol. I, p. 385; also see Dini: Funda- 
menta per la Teorica della Funzioni dt Variabili Reali, p. 177, 
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On A SUBSTITUTION AND THE EQUIVALENCE OF. 
Two Forms 


By 
MANORANJAN GUPTA 


(University of Calcutta ) 


Introduction, 


It is a well-known proposition’ that if S denotes any uni-proper sub- 
stitution? which converts a pro-primitive form? (a, b, c) of determinant 
D=b* —ac into another (a’, b', o’), then all such substitutions are given 
by R8, @=+1, +2,......), where 

; _{ T—bU,—cU 
a) = Rs( a0, Tu ) 


(T, U) being the fundamental solution, t.e., a solution for which: T and 
U have the least positive integral values, of the equation 


(2) ua v*—Dy*zl 


Now a question arises as to how to obtain the substitution S ; if the 
coefficients a, b, c and a’, b/, c' are numerical, then the well-known elass- 
ical method + whereby a réduced form équivalent to each of (a, b, c) and 


5 A ` 
! G. B., Mathews’ Theory of Numbers, Part I, 1892, Art 89; hereafter 
this book will be referred to as Mathews' Numbers. 


? A substitution 8 -(s * will be called unt-proper or untm-proper accord- 


ing as a—Sy= +1 or — —1, it being understood that a, B, y, ë are integers positive 
or negative. M 

3 A form (a, b, c) will be said to be pro primiwe if dola, 12b, c) — 4 1, the 
notation do(s, y, 2, .. ..)being employed to mean according to Prof. Mathews the 
greatest common divisor of :2, Y, 2,......taken positively. 

* Cf. Mathews’ Numbers I, Arts. 66, 80. 
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(a', b', c) ia first found, enables us to determine S but we have not been 
given a general expression for S from which can be caleulated all cases 
that may arise. The present writer to the best of his knowledge and 
information is not aware whether such an expression has been found. 
* The principal aim ia the following pages is to obtain such a substitution 
S and then to examine its sphere of applicability to the wholly allied 
Zquestion of the equivalence of two forms with reference to its useful- 
ness and advantages in this direction. 


1. If the pro-primitive form (a, b, c) of determinant D is converted 
into another (a’,0’,c’) by the uniproper sustitution( 2 ) then will 
LI 
_ t—bu _ (b'—b)t+(D—bb')u 


1 
(B) m ato, go Oc DnEUIU OE, you, 8th 


aa a d 
e 


where (t, «) is such an integral solution of the equation 
(4) ix 2? —Dy?* =aa’, 


as will make each of 





5 t—bu — (V —b)t--(D—bb)u t+ Uu 
(5) .. dE o x ee 


a aa' 


an integer. 


We have 
(7.5 )e 5270 Ho), 
so that 
(6) ++ aat + 2bay+cy? —a, 
C2) ass (aa+by)B + (ba+cy)S=b 5 


and also because the substitution ( ; 5 ) is uniproper, 


(8) +.. 28 — By=1. 
From (6) we get 


(aa+by,* — Dy? —aa'. 
Y 
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Now let ns make 
(9) ... t=aa-+ by, uy, 
then ¢ and v are integers and we get 
(10) ... t? — Du? =aa! 


so that (¢, u) is an integral solution of the equation (4), 


From (9) we get 

(11) a= Fhe. 
a 

amd now substituting in (7) and (8) the values of aa+by, a and yin 


terms of ¢ and wv as given in (9) and (11) we get respectively 


kd 


p+( ota tou =e, 
t—bu m 
es 9—u—1. 


Multiplying the first of these by wand the second by ¢ and adding, 
we get after simplification 


tbu =Š [b —bu)u- acu? +ilt—bu)} 


=È (t —Du?), vo D=b?—as 


za. c by (10) 





È, 
(2) ... a bee itiu 
Finally, from (8), we get 
z —1 à—1 
> B= M LM : ~ y=u by (9) 


Substituting in this relation the values of a and 3 as obtained in (11) , 
and (12) and simplifying we get 


p= t biu but aa 
= aaa . 
— Dut (D pie Q 007 B-Du raw by. (10) 
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We thus get 
(18)... pei S D 


* Hence the substitution ( y 5 Joeeomes 
H 


t r - 


t—bu (b —5)t--(D—bb^u 
ag a 


D4) .. S= a ao > 
DU " 
u S ar a 


` Also since a, 8, B are integers, it follows from (11), (12) and (13) 
respectively that (f, u) is to be such an integral solution of the equation ' 
(4) as will make each of the numbers in (5).an integer. 


We now state and prove the converse proposition, ; 
If (é, u) is an integral solution of the equation 


(4) ... a? —Dy? =ad', i 


making each of the numbers 


i—bu (b! — b + (D—bb)u t+b'u 
a c aa! $ a’ 


(5) 


an integer, then will the sustitution 


t—bu (b' —b)t+ (D—bb' yu 
ible AET E 


(14) .. S= s ag 
UC RE. - 


be uniproper and convert the form (a, b, c) into (e^, b, d) so that they 
will be properly equivalent. . ] ? : e 


It is.easily verified with the help of (10) that the substitution (14) 
is uniproper. To prove that i 
S.(a,'b, c) z (e, b, e!) 
it is found that the coefficient of æ’? on the right side 


-( ta bu y 4- 2b. tae ud-cu* 
a a 
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= Ses —9biu + b*u! 4+ Qbiu—2b2u? + caw?) 


a E 


=) —Dw«?), vo Dzb:—a 
a 


=a’, by (10) 


Next, the coefficient of 2x'y' 


Ls BE t hh b. m ( l 
a e bu)( (b —b)£-- (D bb )u) c [(£—bu)'t--b'u) 


+{(b'—b)t+(D—bb' ju]u] T (t+ Vue 


L, [-¢—bu){.b'—b)e+ (D—bb!ju} +blt—bu)(t+ b'a) 


aa 


bu((b —b)t4-(D—bb')u] +ea(t+b'u)u] 
=L {(b!—b-+b)e + (D—bb'— bb! +b? + bb'—b? +bb'—b cafu 
+(—bD +62b'—b*b'+bD—b*b'+b'ca)u*} 
=} [b/t* —b'(b* —ac)u?] — 
auo 
- b 4 ya 2 yh 
= je D=o by (0). 


Lastly, the coefficient of y'* 





=of We bie Dawe ii 42, CZAD- Ru 
a š 


aa! a’ a 


f ! 
ga ume s 


- AO by +2b(b!—b) ca? +2{(b’—b)(D—bb") - bb'(b'—b) 





-Fb(D —bb/) +-cab’ }tu-+ { (D—bb')? +2bb'(D—bb') + cab’? Fae] 


=— [0 —2b'b + 2bb' 363 ac)? (D —b'*b— ED +070) 
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Fbb'* —b*b'--bD —b*?b' +cab')tu+(D? —9bb'D +b 2b’ +2bb'D 


—9b* 5/5 -- cab/2)u*] 
LO? — D + {D? —8'3 (b7 —ac)]u* 
tae Sie 5. 1:2 

PUES 
ate Den) v D=b?—ac=b"—a'e’ - 
ze by (10). 


We thus get what is required. It has thus been proved that 
The necessary and sufficient condition that the pro-primitive forms 
(a, b, c) and (d, b', cy of the same determinant D may be equivalent is that 


the equation . 
(4) ... s? —Dy* =aa’ 


possesses an integral solution (f, w) which makes each of the aoefficients 


t—bu (b! —b)t-+(D—bb')u t+b'u 
G) —, whch dt el a ee 
aa a 


an integer; when this is the case the wntproper substitution which converts 
(a, b, c) into (a^, b’, e) is ; 


t—bu Gape 


a aa’ 
(44) ... $ t4-'u 
f ; = 


2. Ifthe two forms (a, b, c) and (at, b', &') become identical so that 
aza, b=b', oe, 
then we get 


_ t— bu Cu x t+bu 
a pea 


a 








, 


and the equation (4) changes into 
5) ... e? —Dy?-—o*, 


\ - 
so that the theorem just now stated reduces to the following :— 
The necessary and sufficient condition that the substitution 








t—bu — ceu 
E a | a 
(16)  ... 
"m Órbu 


a 
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may be an automorph of the pro-primitive form (a, b, c) is that the 
equation f dd 


(15) ... : z? — Dy? =a? 
possesses an integral solution (ż, u) which renders each of the numbers 
t—bu —cu t+bu 
bes wr air I 
an integer. 
, But we know that an autemorph of the pro-primitive form (a, b, e) 
is 
tbu, —ow 
(18) s.. ( aw, t+ bu! ) , 


where (t’, «') is an integral solution of the equation 
(19) ... w?—Dy?=1. 


Hence it is necessary to show that conditions of the theorem just 
now enunciated ensure that the substitution (16) is reducible to thet 
in (18). For this purpose it is only necessary to prove that the 
necessary and sufficient condition that 


t— -= ; 
(17) bu cu thou 


mm MENS MARAN l 


a a a 


where (ż, u) is an integral solution of the equation 


(15)... z? — Dy’ =a? . 
may be all integers, is that 
(20) ... t=u=0 (mod a) 


If the relation (20) holds good then the numbers in (17) are 


obviously integers. Conversely, we shall suppose them to be integers 
and thereby prove the truth of (20°. 
Let 
dv(u, a)=A, 
then we have 
a zzÀu!, aa, 
where A is an integer and w' and o' are prime to each other. 


Now 





and * — is an integer by hyp. and «/ is prime to a we get 


c=0 (mod a’). 
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: i—bu  , t+b f z 
Again because vu and 2d are both integers by hyp. we get 


=an integer ; 





bu  t—bu  2bu | 2bw 
a + a a d 

and as before, 3 M 

2b=0 (modo!) 

Thus 

' 9bzcz0 (mod a’) 
dv(a', 2b, c) =a! 
but the form (a, b, c) being pro-primitive, we have 


dv(a, 2b, c) z1 


|a zl, 


whence we gef, - : 
: a=Ae’=), u=du' =a. 


u=0 mod a) ; 


and also (¢, u) being a solution of the equation (15), we get 


i? —Du? =a?, 

so that m 
t#?=0 (mod a?) 
ort=0 (mod a). | 


We thus get the relation (20), In other words, it is only when the 
relation (20) is true that the numbers in (17) are integers. It follows, 
‘therefore, that we are entitled to put 


tata, u=u'a,- 
where // and w' are integers and then it follows from (15) that (/, w’) 
becomes an integral solution of the equation (19). The substitution 
(16) then reduces to 


( t—bu' —cu! 
au! t+ bu! ) 


which is the same as (18). 


We have thus completely investigated the circumstances under 
which the numbers (17) can be integral but the possibility should not 
be overlooked that the first and the third of them can be integral 
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without the second being so and we are” thus led to the following 


theorem : — 
If an integral solution (t, u) for whioh u EE 0 (aud a) of the equation. 


Q5 ` 00. gi—Dy*-et. 


makes both eu and tebu integral, then wll 


u*z0 (moda), : 


and a contain a square factor whick’ also divides 4D, where. B denotes the 
determinant of the form (a, b, c). . 


+ 


Returning to the relations 


e up, a=ha', s 
. we see that a'4st-for otherwise we shall have - P oat 
we vaut 0 (mod a) 


which is contrary to hyp. . Also from these relations we get 
bw 2bu _ t+bu  t—bu 





pid Iw Saat See m — —. =an integer 
und : 2 ie 
D P EM *. 2 ‘ as PI t 
chu? I? as maon uar Pon c toS an integer; 
a’ a a? ^ a 
l by bypa | UEM OP E iS 
and since w' is relatively prime to a’, we geb <` "E uc 
G1 =. 280, AO (mode), ^  ... 


Again, since the form (a, b, c) is pro-primitive, we have 
do(a, 2b, emi- - 
š Seda; 2b, jet va=àd, 


and because 2b =0 iioi a’) by (21), we get o to be prime to a! so that: 
by the second relation in (21) we get apis Beta, "d 


$ Am0 (mod a’) 
^o a=ìa'=0 (mod a!3), Q7, 


and as Jt we conclude that a contains a square factor other than 
unity. We haye then 
. 45? =0, 4ac=0 (mod a^?) 


^ 4D =4(b? —ac) m0 (mod a^?) |; 
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2'- Thus the square factor a’? divides both a and 4D, Moreover, 


atu? zz? 


u? i S 
a?. — au? =0 (mod a’) +» a=0 (mod o'*) 
a 


wu? . ; 
— is an integer 
a 


te, &* z:U (mod a). 


Thus the proposition is proved. 

Ex. Consider the form (18, 3,—1) of determinant D —27 and the 
equation.z* — 27y? —18* of which (36,6) is an integral solution and 
64:0(mod. 18). We havealso + 


` 


t—bu _ 36-36 _| apg itou _ 36+86 5 


a 18 a 18B 





so that both are integers and consequently we get as we should by the 
theorem that 18 contains a square factor, viz., 9 and ib divides 4-27. 
Also 6” =0 (mod. 18). It may also be noted that because u=6 zz 0 


(mod. 18), == 1 is not an integer and accordingly this 
solution (36, p does not lead to an automorph of the form (18, 3, —1). 

3 We shall now apply the substitution (14) to examine the 
equivalence or otherwise of two given forms (a, b, c) and (c, b', c') of 
the same determinant D and we have here to make out two cases, first. 
when D is negative and secondly, when D is positive. 

In the first place, suppose D to be negative = — A, where A is 
positive, then the equation (4) reduces to 


(22) 2^ Ay? mad, 


` The determinant D being negative we can take a and a’ to have the 
same sign which we shall suppose to be.positive. We can now at ‘once 
ascertain whether or no the equation (22) is solvable in integers and as 
it then possesses a finite number of solutions, we can easily discover such 
of them, if there be any, as will make each of the numbers (5) an 
integer. If either the equation (22) is not solvable in integers or when 
it is so, none of the solutions make the numbers (5) integers, then the 
forms (a, b,c) and (a', b', d) are notequivalent, But if there is an 
integral solution which renders the numbers (5) integral, then the forms 


$ 
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(a, b, c) and (o, b',c) ere equivalent and substituting the values of 
(t, u) so obtained in (14) we get the uniproper substitution which 
converts (a, b, c) "into (d^, b', o) 

Ex. Examine for equivalence the forms (9, —8, 11), (79,—139, 221) 
of the same determinant D= —35. The equation æ? +35y?=711 has the i 
solution ¿= +26, u= +1 and we readily find that (26,—1) make the 
numbers (5) respectively equal to 2,—3; 2 which are all integers 
so that the forms (9,—8, 11), (79,—132, 221) are equivalent and 


Cree. —8, 11) = (79,—132, 221). 


This example illustrates how discs and very easily we can 
examine the-equivalence of two given forms without having to pass 
through a system of reduced forms and at the same time  deter- 
mine the uniproper substitution which converts one into the other with- 
out having to compound substitutions in succession. The classical 
method referred to in the Introduction settles the equivalence of tha 
above two forms as follows : — E * 


^ 


- ,(9,, —8, 11) »(11,—8, 4) w(4,—1, 9), As 
0 1 0 1 / /-1 1 
(i ) (i y= oJ 


G ; R (9,—8, 11) =(4, -19); 


"m 


(79, —182, 221) v (221, —89, 36, v(86, 17, 9) (9, 1, 4) (4, — -19 


Ga i) d 2) C3) (a 0) e 


E E 5 -9 B - » . 
B sar) (79,—182, 221) =(4,—1,9) 


Hence we get = g ž 


a 0,8, a= (47 (79,—132, am . 


or e 1) Ci s) (9,—8, 11) =(79—132, Es 


or [3 ») (9, —8, 11) =(79,—132, 921)... 


` 


Y 
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^ We thus arriye at the same result as we did by the former method 


- = 2—3 - 3 
‘for the Substitutions (- l 7 3) "ne D S are pene end the same; 
'* It will be noticed that'in'each case we arrive at PT same jaded 
* form (4,—1, 9) by having to pass through 2 formsin the case of (9, —8, 


11)and 4 forms in the case of (79, —132, 221). Moreover, we have to 


compound 2 subsÉitutions in the one'ease and 4in the other and the - 


composition has to be effected by-taking two of-them -only át a time. 
The number of forms to pass through to-reach a reduced form equiva- 
lent to a given form varies with the form taken and consequently when 


it is large the labour and’ trouble to determine the intermediary adja- 
cent forms, the substitutions and their compound for each of the two ' 


; given forms,, rapidly enhance. On the other harid, the method explain- 


ed ii: the préceding pages requires us: to solve one equation having only ^ 


& flnite number of solutions and to examine ‘the iutegrality of 3 num- 
bers, whatever be. thé-formschosen and except on occasions -which are 


not frequent, the equation possesses only fonr solutions such as (+t -+-2) | l 


one of which can readily be found, if the forms a areequivalent to make 
all the three numbers in (5) intégral. j 


To disprove the equivalence of two forms our “method > ~is- equally 
potent. It will then happen that either the equation (22) does not 
possess integral solutions or if i6 does, none of them will make all the 
numbers (9) integral. For the same parpose, the. classical method of 
gradual passage toia reducad form involves less labour. and. caleulation 
than formerly for the question of compouudiug substitutions does not 
' arise:, We take two examples to illustrate-the point. 

` Fx. For the forms (63, 25, 10). (6L —103, 174) of. determinant 
D=-5, the equation (22). bosoms i MES. . i 


i wibby B843- 


which possesses no integral solutions for it reduces to the impossible 


conguence - ` i. et M wel oig 


2388 (mod 5) So ux SEXUEL E 


because 8 is à Wee non-residus of 5.. Hence the forms are not 
- equivalent. d 
Worked out by the ordinary method, the ps is 


(68; 95, 10) (10,8, 3) v, 1, 2) (2, 1,3) . 
7(61,—109, 174) vo(174,—71, 29) (29, 18, 6) w(6,—1, D. 0,5). 


+ 


^i 
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` The reduced froms are non-equivalent and therefore the proposed 
forms are so. It may be observed that the computation of the 7 adja- 
cent forms in this case entails an amoant of labour which.is not in keep- 
ing with the almost instantaneous solution arrived at by our method. 
- Similarly, because integral solutions do not obviously exist for the equa- 
tion w°? -- 11y* —90, the forms (8, 2, 5) and (80, —53, 94) are non-equi- 


valent. 


Thus when the determinant D is negative, it appears to me that for 
the reasons set forth above and the illustrations adduced in support 
of them, the present method is much more advantageous than, 
and l trust also superior to, the existing method “of gradual passage to 
reduced forms. , 

4, But when the determinant D is positive, we are faced with the 
solution of the equation 
(4) x? — Dy? =ad' us 
which admits of no solution or an infinite number of solutions. Even 
when they exist there seems to be no direct and independent method of 
determining them unless aa' happens to be the denominator of the com- 
plete quotients obtained in the process of converting VD into a recur 
ring continued fraction. Moreover, there may be more sets of solutions 
than one, each set including an infinite number which are. all deducible 
from a common formula but those of different sets being not so deduci- 
ble. And we cannot also rule out the probability that solutions belong- 
ing to one set make all the numbers (5) integers, whereas those of 
another set do not. Lastly, when the equation (4) is- impossible, we 
cannot dismiss it as unsoluble as readily and easily as we did when the 
determinant D was taken to be negative. Thus although from a theore- 
tical point of view the present method is complete, the practical diffi- 
culty is enormously increased when we pass from the negative to the 
positive determinant .Butit cannot be ignored that the difficulty 
with the existing method also increases at the same time though to a 
lesser extent. i 


The fundamental difficulty lies in the solution of an equation such as 


«(3 e s-Dy—my | £.35666 2 


where D is a positive integer and m any integer positive or negative, 
and when it is once overcome, the other point; v, to decide the 
integrality of the numbers (5) is comparatively simple. In what 
follows we shall obtain several results in. connection with the latter 
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point which will in some respects at any rate lessen the difficulty 
referred to in the preceding paragraph. 


Let (T', U’) denote the fundamental solution of the equation (4), 
. Úe., a solution for which T' and U’ have the least possible positive inte- 
gral values; then it is at once seen that f 


(24) we (I’Tn+DUU,, © TU, +T,U), n= 1, +2, +3... 
is also à solution of the equation (4), 


where : - 
(T+U vD)" zT, -U, / D, 


(T, U, as before denoting the fundamental solution of the equation 


(3) > a*—Dy* zl 
We shall now prove the following : — : , 
If the solution (T^, U') of the equation (4) makes 
(88)... cene T! bU m0. (mod, a), T+b'U'=0 (mod. a’), (b'—b)T"+ 
(D—bb')U'z0 (mod. aa’), 
then the same will be true when we replace the solution (T^ U') by any 
other included in ( 24). 
-We have 
T'T, -DU'U, —b(T"U, --T., 0%) 
=T,(T'—bU)—U, (jT'-DU) `. 
z —U,[bT'—(b*—ac) U’} (mod. a) by (25) 
m—bU,(T-—bU (mod. a) | 
=0 (mod. a). 
l Similarly, employing 
: 20 q'ED/U! z0 (mod. a’) : o 
we prove that l 


TT, -DU'U, +b'(T'U, +T,U')=0 (mod. a). 
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Lastly, f i 
| (.—b)(TT, 4- DU'U, )- (D —bb) (TU, + 7,0") 
=T, ((b—b)T' 4-(D—bb/)U') +U, {(D~ bb) T - (j —b)DU") 
| = ((D—bb')T'-F(b'—b)DU')U, (mod. aa’) by (25) 
e[D(T'—6U') - [9T — (0* — ae 07)]U; (mod. ac’) 
s([D(T'—bU') -bb(T'—bU')—b'acU')U,, (mod. aa!) — 
= ((D—bb)T —b(D—bb)U' -ae(T bU) -cac"]U, (mod. ao) 
z((D—bb)T +b(b'—b)T' +acT'}U, (mod. aa’) 
v oT +bU') 20, (b—b)T s —(D—bb/)U! (mod. aal) by (25) 
*&0 (mod, aa’), © D=b?—ac. ; 


"x 
T 


Thus we get what is required. 


It must not, however, be supposed that every solution of the egua- 
tion (4) makes all the three numbers (5) integral., : For we ean easily 
verify that (22, 4), (54,—12) are both solutions of the equation «?—19y* 
=180 and whereas the firssof them makes the numbers (5) respec- 


tively equal to 8,—1,—1 we get the same to be severally equal to . 


l 11,—18, 7 from the second, the forms taken being respectively 
(6, 1, —3) and (30,—13, 5). 


Now it is easily seen that (t, «) being any solution of the equation 
(4), we have 





t—bu ibus il (b! —b)t--LD— bb! ju 
p coa a aa! i 


so that if the solution (/,u) is such as to make each of 
t—bu t+b'u 
a ^ d 


an integer, then 


(b! —b)t -(D—bb')u ; 
` aq! = 
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becomes an integer at the same time. If, therefore, u is prime to aal, 
it follows that. : 


-(b'—b)t+(D—bb')ju ` _ 
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Ge ) 7 i aa! 
' is also an integer and thus we have the following result; — 
It “Ct, Qu) ts a | primitive solution ‘(.e., a solution for which t and u are 
prime to "each ocher) of the equation (4) makes both £—bu and: —— — + bis 
a 
dntegral, then will also (26) be an AUR 2 2 ] 
Cor. If aa! does not contain a square factor, then a solution .of the 
equation (4) is certainly primitive and hence we conclude 
^ If aa!’ contains no square factor, then every solution of the equation 
(4) which makes the first and the third id the es (5) integral makes 
also the second integr al, on 


Lét us consider two forms (a, b, o) ndis e v. d)ofthe same posi- 
tive determinant D, The E ad will not contain a square faetor 
-if neither of a and a! contains one and a is relatively prime to a’, 
We have : : 


m. . £s 
. 3 a b, a = (aA? +2bA +e, —b Àa, a), 


x3 b', c) (aV? -2b'A He, ama a’) 


Now a few trials with values of A and A! (in -most cases A= 0, +1, 
Pate +1 will do) will ensure that none of . 
aM HbA He, ANHAN eo!» 

x~ contain a square factor and both are relatively. prime to each other so 
that in case of necessity we can replace one or both the forms (a, b, c), ` 

(a,’ b’, c) by their equivalent forms according to this method, In this 

way,the product of the first co- -efficients can be freed from 2 square 
faetor. | 
We shall say BE regarding the solution of the ‘incon (23) . 
except that when m is not a denominator of the complete quotients 
obtainad in the proéess of converting ^/D into a recurring continued , 
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fraction, it seems best to obtain a solution by inspection and trial. We 
then ascertain whether or no it makes the first and the third of the 
numbers (5) integers and in case it is so, determine the substitution S 
converting (m, b, c) into (a, b', c). If m is a quadratic non-residus 
of D, then clearly the equation is impossible. 


We conclude this paper by giving an example which will demonstrata 
the comparative advantages and disadvantages of the two methods 
when the determinant D is positive. 

Ex. Examine by the two methods the equivalence of the forms 
(52, 69, 91), (265, 192, 139), of determinant D=29. 

A solution of the equation «*—294?:—52:260 is found out to be 
(2367, 489) and it makes the integers (5) respectively equalto —537, 
400, 327 so that we geb . 


— 537 400 
, 69, 91,)= (265, 192, 139), 
439 327 je a ) 


The following indicates the process to be adopted by the ordinary 


method. 
(52, 69, 91) v(91,—69, 52) (52, —35, 23) (23,—11, 4) (4, 8, —5), 


(265, 192, 139) « (139, —58, 20) (20, —7, 1) ^ (1, 5,—4). 
(4, 3,—5) n (—5, 2, 5) ^ (6,8, —4) «(—4 5, 1) ^ (L, 5,—4). 


The form (52, 69, 91) is converted into (4, 3, —5)by the substitution 


(1339 3 363263 


Secondly, the substitution which converts (265, 192, 139) into (1,5,—4) 


» (DG 2G 3463 


Thirdly, the substitution which converts (4,3,~--5) into (1, 5,—4) is 


(i i) es -1 EU S —10 =(; a 


We thus get 
(5 —3 4) 50 69, 91) =(4, 8,5) ; E > ju 3,—5)=(1, 5, -4) and 
2 — X j= 5 52 3 373 


4 


ee 
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—7—5 
( 4-3 ja, 5,—4)=(265, 192, 139) 


—3 ey Sere 
CS S5 saa ca.) © 69, 90065, 102, 139) 


~537 —400 . 
j ( 439 327 )@, 69, 91)=(265, 192, 139) 


Thus we get the same result. 


The solution of the equation z*— Dy?-m -can undoubtedly be 
reduced to one in which the right side m is less than ^/D.* 


But ib requires a series of transformations. Also it can be made to 
depend upon the solutions of equations such as s*—Dy=m, where 
m, (£l, 9,...... ) denotes factors of m resolved so .as to make their 
product equal to m. Inany ease the task is laborious., But it is not 
less so by the existing method as will be sufficiently clear from the 
work exhibited above. The chief defect of the present method appears 
to be its dependence upon an equation whose solution when D is 
positive, is often troublesome and for which there is no general formula 
known.t The chief excellence of the classical method is its elementary 
character and the absence of any uncertain step in the procedure but 
ib fails to give a general expression such as we have obtained here. 


* Chrystal’s Algebra, Pt. IL, p. 489f. 
+ Lagrange has proved that if the equation 2*-Dy?*-m, m< ^D is soluble, it 


ean be reduced to one in. which Ë 7 is a convergent to the continued fraction for “D 


(H. J. S. Smith, Collected Math. Papers, Vol. I, Oxford, 1894, p. 199). 
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On STRESSES IN CIRÒULAR RINGS UNDER THE ACTION OF 
ISOLATED Forces on THE RIM. 


BY =e p 
BIBHUTIBHUSHAN Sen, M.Sc. 
Islamia College; Calcutta. 


1. In the paperon “The-Stress in a Circular Ring.’’* Prof, Filon 
has given a general method,of deducing the stress resultants at a cross 
section ofa plane circular ring in terms of loads applied at the rims. 
Particular cases which he has discussed mainly relate to the action of 
equilibrating forces on the inner rim. The object of this paper is to 
find directly and by a different method the stresses in-a plane circular 
ring when the outer rim as well as the inner rim is acted-on by isolated 
forces. The stressfunction in the following cases has been deter- 
mined. : 
(1) The ring acted on by equal and opposite forces on the outer 
boundary operating along a chord. 

(2) The ring diametrically compressed. 

(83) The ring acted on by three forces in equilibrium. 

(4) The ring acted on by equal and opposite forces on the inner 
boundary. 

(5) The ring acted on by equal and opposite forces on the two 
boundaries one operating on each, : 

Tt is believed that the method and most of the results are new. 


2. Following Filon, let us assume that the ring consists of a thin 
plate bounded by concentric circles’ and that it is in a state of genera- 
lised plane stress. In that case we know that the average stresses 


rr, 76 and 60 at any point (7,6) are given by the relations 
f 2 
l 8x + 1 8?x 


"rr rf 98" 
* Selected Engineering papers published by the Institution of Civil Engineers, 
London, No. 12, 1924. - : > ` 
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=- 2 1 ax ; i 
= EG ox o eW 
46 —9?x 
66 = =a 
where x is the stress function which satisfies the relation 
Vix=0 EN .. (2) 
ð 48" 
h i Stands for =— 
where V stands for 87 Hayr 


3. Case I. Outer boundary acted on by two equal and. opposite 
forces at the ends of a chord and along it. 


Let two forces F act inwards along O,O, at the points O,, O, on 
the outer boundary. If O,O, subtends 180? —2« at the centre O of the 
-ring, then the stress function x, corresponding to these forces and 
yielding no stresses on the external boundary r-:a can be written as ` 


"m Dm a —(r,6, sin 0, -- 7,0, sin 6,)] M (3,* 


where 7,, 7s, 7 are the distances of any point P from O,, O, andO 
respectively and 0, = Z PO,O, and O,— Z PO,;0,. 

With reference to the centre O of the ring as origin and the diameter 
parallel to O,O, as the initial line, the above expression becomes 


Frr : . 
Xa =| 508 a—í(r sin 6—a sin 2) : 


a+r cos (0--o) a—r cos (0—a) 


z (im^ r sin (04-a) lan c sin (~a) —2a? ] f 


If the inner boundary be r=b, then in the region 





-a>r>b 
-1 7 sin (04-a) —99 —1)-2 T" . 
Sen ar Ook (0 -- a) Zam (—1) sax n 1(04-a) 
and tan^! .rsin($—e) . Ami 





a—r cos (0—a) 


* Love's Elasticity, Fourth Edition, p. 318, 
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Hence x, can be written as 





1 3 
»i— .Fe a cos a—2 a sin a--sin Ó 1 2or 
T 2a? a 


! : 75 
4% sin a cos a— — sin 2a} 
a 2a* 





co yan 1 T f 
TE 1C Qe Oen Lae Trata 008 Qm I)a 





Qm+1 aj 
gn 
TS m sin a sin 2ma ) còs 2m ( 77 Imarati sin 2ma 
Ev so. 9,2741 . 
-aaa qe rin (mt Dat OTT aes sim cos nes) 
xsin Gm] ] s 4) 


calculating the stresses 77 , 70, from this function x, with the help of 
the formulue (1), we e get 


— 


m= 





r . . 
F [ —cos a— — sin 6 sin 2a 
Ta a 


PO amaa 
+s {( hat 
=3 a mma 


*-2(2m —1) = sin a sin 2ma) c cos 2m@ + (—m 2 Su-i ; sin 2ma 





cos (2m—1)a+2 (m—1) = cos (2m-+1)a 














T (2i — 1) en sin (2m 2)a— 4m aa sil a cos (2m-+1)a) 
x sin (Zm4- D0} ] (5) 
70, =£ [z pus 6 sin 2a4- 














+32, {( 2m? ps 
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m= i 25 m2 ` 
nes sin a sin ama) sin 26+ (~Qm+1) TI sin 2ma 
— gå ml . 4 emi = 
+(2m+1) gar Sim (2m 4-2)a —4m garr Sin a cos (Qm--1)« ) 





xoos (2m+1)0 } ] e (8) 


The values of these stresses on the boundary r=), are 


(17,), 2, 0, +b, sin 6+ Sr. {ban COS 2mÓ-FU ny: sin (2m-t-1)0], 


~ 


(r0,)r=6=0, cos 0AE aor {Can sin 2m6-Ec',,,, cos (2m4-1)0] 
OE MC E b 
where b, = 98215 — zi sin 2a, (q being equal to z 


b,,—2q9*?"7* [~m cos (2m—1)&--(m—1)q? cos (2m4-1)e 
-+ (2m—1) sin a sin 2ma] 

045,44 720? "7* [— (2m 1) sin 2ma+ (2m —1) q* sin (2m+2)a 

—4m sin a cos (2m 4- 1)a] 
e mt. Q sin 2a 
055, 529377? [m cos (2m—1)a —mq* cos (2m 4-1)a 

— (2m —1) sin a sin 2ma] 

03541701 "7? [—(2m-F1) sin 2ma+(Qm+1)q? sin. (2m-4- 2)a 

—4m sin a cos (2m-+1)e] ... (7) 

Let x—xi Xs 


where x, satisfies the equation Vi *X4 70, 


and is such that the stresses 7r and 70 calculated from it vanish at the 
boundary r==a and balance those stresses produced by x, on the boun- 


dary r=). 
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Exeluding the terms that lead to multiple valued displacements in 
the ring a simplified form of the function can be written as 


Fa LO? T a ; 
= |. A«og : er ) +B (3 - )sine 


tS (Ae [omen 4 om 2e di e 





4n am+9 yom 


q??tà ^v 


+B,, f — qnn DT siis erc. ep) 2m6 





[gis pmi 


EA más gii 
FEE, (ou [- emen emen em] 


hm m me 
£D, [ CEDE as + a +) sin (2m+1)6| 


g27t1 gants gamma « 
.. (8) 


Caleulating (rr), and (76), out of this function it is easily found that 


(rr), =(r6) =0 on the boundary r=a, 


The stress due to x, and x, will vanish at the internal boundary r=b 
if i 





g* i 
=i sin 2a 
a, [megne —(2m+1) (2m—2)q?"—(2m+2) q7**] . 
ism CETT Mu cue 


.[- 4m? qi"? TU RUD nq ban 
(2m-FY) Q;, 
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o nin -9m(2m,— 1) q? m-s p dg? qg*5—9mq 60710], 





(2m—1) Qan - 
(2m—1) Qan 


aa — dmg 7m +2) [1 —45957-*(1—29? 4- 9*)—929*" g]. 


“Cone, and D,,,,, are obtained by putting (2m--1) for 2m in the , 
expressions for Aan and Bam x being determined, the stresses can be 
easily calculated. : ii 


4. Case II. A ring diametrically compressed. 


If a ring bé corüpressed by two equal and opposite forces F acting 
along a diameter, the stress can be deduced from the above expressions 
by putting a=0. ‘ 


The simplified valie of X, is given ur » 


-, 2ar sin 6 
a? 72 


e 


x =] ror sin 6 tan 


ze ^ -- E! 


y? m p? m+9 


BEL LS MONE LN, PO MIS Stn eee LDL ARR 
= = Ja? «zm Gn put (2m 4+1)a??*? 


js 2m0. ] (9) 


It is apparent this value of x, gives cero values of f the normal and 
. shear stresses on the boundary r- except at the points where the forces 
act. 


For x, let us assume the expression Ag sepe ene s 


gama 


F r 2 a . i sm 
-I Aol log r— gi )*z-( Aan [GET +m 





"IS » eames a 227-2 
* ] +B? i- 2m 7 + (2m m—1)— ginta utum ) cos 2m0 j! 





Then the qm r=b will also be free from stress if 


A= Er ( q being equal'to 5: — as before ) 


ON STRESSES IN-CIRCULAR RINGS 33 


an (Zm-F1) —2mg* —g*7 


Aen (2m -1)Q! ,« 





2m —- (8m —1) g!—q*"*? G PE 


B,,2—g*"72 x : 
n Qm —1)Q7,.. 


where Q/s,, —1- 4m*q*"-*(1—2q* +q*) —2q*" +e". © 
5. Case III. Three forces acting on the outer boundary. 


-If three forces acting at the points O,, O, and Oy on ‘the outer 
boundary be such as can keep a rigid body in equilibrium, then we can 
resolve these forces into pairs of equal forces acting along the chords 
0,0,,0,0, and O,0,. Hence withthe help of the results obtained 
in case I, we can write down the values of the stress. 


y 


6. Case IV. The inner boundary acted on by two equal and 
opposite forces applied at diametrically opposite points. 


This case has been considered by Prof. Filon. - Since the problem 
is an important one itis worth while to try it by the method adopted 
in the previous cases. 

If a single force F acts at the point r==b, 0—0 in the positive direc- 
tion of the initial line then the corresponding stress funotion is 


ae 7,0, sin 0,,- (r,, 0,) being the co-ordinates of any point with 
T 


reference to the point of application as the pole. Similarly, if 
another force acts at the point r=), 0-7 in the opposite direction, the 


corresponding stress function will be -2 7,0, sin Ó,. 


By simple geometry, it can be seen that if r, Ó be the co-ordinates 
of any point with reference to the centre'as the pole, then 


*, sin 0, —r, sin 0, —r sin 6, 


b sin 6 

— -1 

festen T-CbcosÓ ' ' E 
-1 6 sin 8 - 

and , tan VGL T7—Ó. 


Then the stress function x, which will yield zero stresses over the 
boundary +=} except at the points of application of the forces 


5 
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and representing the effect of these forces elsewhere can the 


written as 
LEDpt-TSÓ op EE = 2br sin 6 
xi-z| gp- 7 sin 6— sinô tan”! "ped ] 
— Fo T? TT eae p2n-2 
= | ps n sin 6 3 tX (Zm—1)s377$ 
* 
p?” * T 7 x + . 
-gr eos 26 | S. _ (10) 
As in Case 2, let us assume i ar 


T) 


? 
2b? 











49705 am 
+32, aed [is (m1) MR LE ] 








[AERIS cts J} oos 250 (11) 


prec y?n-? 


+Ban | —2 ms 


Patting x=x,+x, and calculating the stresses by the formule, we 
find that they will vanish on the outer boundary r—a if 


g*"7*[4m? (1—q2)8--2m(1 — q?) +q? Q=], 


ders (En-F1) Q, 


gin [4m (1—9*)* -2mg* (1g?) --9*0—9*7)].. 
(2m —1) Qan 





B, 
Q0 -q*7)* -Am*g* i 9°)", 


and A, = -ri (12) 


17. Case V. The inner and outer rims acted on by equal and 
opposite forces. 


If at the point r=b, 0-20 on the inner rima force F acts in the - 
positive direction, the corresponding stress function is given by 
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1 
E 7,9, sin 0, with reference to the point of application of the force 
= : 


as the pole. 


With reference to the centre of the ring, it becomes 


— Ff AE -, bsinÓ 
TT p [rsio ( ottan sera) 


The term 7@ sin 6 gives multiple valued displacements in the region 
bounded by the two circles and its effect can be counteracted by 


subtracting a term «v cos ĝ log r- which does not alter the magnitude 


of the force v being equal to i-o where c is Poisson's ratio. 


FP T ae ~- b sin 
Hence x,= =| sine do d AL r~b cos 6 ] 


"b sin 0 


: : 2) d 
Expanding the function tan zb oos Ó 


: bs 
in powers of m the 


region >b, we get 


* 





L2. Fb[ 20 a b cos 0 
D RET Nom sin 6 dv eos 0 log r+ dr 
*z( Xr VPE REN ) cos no | .. (18) 


(n+1) 7") (n—1i)r"7? 


If another force F act at the point (a, 0) opposite to the above force 
then the corresponding stress function x, will be -Ë 7,9, sin 6, which, 


if referred to the centre of the ring, becomes 


_ Fa b ow ecc do ee ] 
Xa—— Ap HT cos 6 Š gal att Gamay ar } oost. (14) 


Calculating the stresses from (13) and (14) we find that the stresses on 
the boundaries can be written as follows : 
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R, =the radial stress on. (ra) 


p o 
=- [ 20+ > a, cos n8 | ; 
2r a= 


R, =the radial stress on (rb) 
=F [ bo+ $ b, cos n8 | ` 
Ir n=l 


The shear stresses on those boundaries are 


ea : S c', sin nd | iiid. [ = d'n sin n8 | respectively 
Qa n=l 2v n=l 


where'a, =b, = 2 
a 


AE f 
Lt, [22i 3 
EE [2(2—)q * 4*] 


li 


9, 


bL [2(0—») 4-1] . 


emi Qu). 


1 
dat -p (2+1). 
and for n1, 
a, 2. +L ((n--2)g* —nq"*?], 
a b 
2 1 "Am 
b.c +z [ng (n 2) } l 


eS m [qi —q"); 


d= ig" —q"?] 
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In this case following the general method of Filon* we can write 
down 


X7Xivt Xa t Xs 
where 


x= [Ao log r+ Oort +( B,r*-4 9 ) cos 6- 


- +2D, (vr cos 0 log r —70 sin 0) 
+ Š (Ayr Bur Ou +Dyr-**?) cos n6]. 
> n-$ 


The constants of the above expression can be determined from the 
condition that the resultant stresses on the boundaries may be zero. 


If y= 3ü-y then it can be seen from the results worked out by 
-y ` 
Filon that 
A,=0, 0,1 


9 Qo» 


B,a={(1—2n) (a, —b 19°) +(8-~-2n) (07—4'14*3/8( —2)(1—4*) 


0, /a? ={(1—2y)(a,q*—-b 9°) + (B—2n)(c',q* —d', 9°) }/8(1—o)(1—q*) 


p,z—2(4—01) _ bbz) 
i 4(1—75) 4(0—35 ' 


and for »»1 
Ana? Enga "fs 
. Bao" SEnfn— igo 
C,a7"b^* Enh Saka, 
Dat" zz, k,—7.h., 
where f,=n{a,—c',—q"(b"—d,')}, 


gs —na, —(n--2)c,' —q" ** {nb,—(n+2)d,'}, 
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h, =q" {nb" + (u—2)d,"} — q*"7?(na, - (n—2)]e,', 
k, —nq"ib, t d,) —ng?" (a, ter), 
éa =E —-9*)[nQ., 9$ 1~9?"**)/(u—1,Q,, 
& -( —$9*"72)/ (n+ 1)Q;, 

where Q, =(1—q?")? —529?"7*(1 —9?)*. 


In a similar method some other cases can be solved. In some cases, 
e.g., in the case of the diametrically compressed ring, it is apparent 
from the values of the constants that suffieciently approximate values 


can be obtained by retaining the first few terms if q or A be small. 


Bull. Oal. Math. Soc., Vol. XXII, No. 1 (1930). 
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ON THE SUPPOSED INDEBTEDNESS OF BRAHMAGUPTA TO 
Chiu-chang Suan-shü 


BY 
BIBHUTIBHUSAN DATTA 
(University of Calcutta, 


Some of the modern writers on the history of mathematics are 
under the impression that the eminent Hindu astronomer and mathe- 
matician Brahmagupta (628 A.D.) has taken a certain problem 
from the great Chinese mathematical classic Chiu-chang Suan-shu, 
which was composed originally by Chang T’sang (died 152 B.C.) and 
subsequently revised and enlarged by Ching Ch’ou-ch’ang (c. 50 
B.C). That is indeed a very wrong impression and the present 
note aims at setting it right. 

We do not know who is originally responsible for making thai 
erroneous statement. Indeed it will not serve any useful purpose 
for the cause of Hindu mathematics to trace the statement to its 
origin. Itis, however, found to have been repeated, with more or 
less emphasis, by more than one modern historian of mathematics. 
And the object of almost all of them was to prove the depen- 
dence of Hindu mathematics on Chinese mathematics. Professor 
David Eugene Smith wrote in 1912: ‘‘While Sanskrit was known 
there [in China] very early, and by about 800 A.D. was even 
taught in Japan (through the writings of the great scholar, Kobbo i 
Daishi), there is nothing in the mathematics of either country thai | 
shows dependence upon any known works of Hindu scholars. On| 
the contrary, it would seem that Brahmagupta, who wrote in|” 
Ujjain in the seventh century, was indebted for at least one of his, 
problems to the great Chinese classic, the Chiu-chang Suan-shu.’’! | 
The specific problem referred to in this statement is this : ; 


—- 


! D. E. Smith, ''Chinese Mathematics," The Popular Science [Monthly, 
Vol. 80, 1912, pp. 597-601. 


* Y. Mikami, Development of Mathematics in China and Japan, Leipzig, 1918, 
p. 23; hereafter referred to as Mikemi, Chinese Mathematics, 
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“ There is a bamboo 10 feet high, the upper end of which being 
broken down reaches the ground at 8 feet from the stem ; what is 
the height of the break ? " 


Thirteen years later, Smith! went a step further and wrote: 
œ ‘The problem about the tree is found in various Hindu mathemati- 
^an well-known authority on the history of Chinese mathematics 


remarked in 1913: “This problem highly interests us, because it is 
stated to be contained also in Brahmagupta’s work. It is certain 
that the Indian learning exceedingly influenced Chinese thought, but 
at the same time the discoveries made in China must have touched 
the eyes of Hindu scholars. If it were not a mere coincidence that the 
problem under consideration appeared in the same form in the treati- 
ses of the two neighbouring countries, one of the two must have 
borrowed it from the other ; and this may be an instance of the 
Chinese productions transferred to the enlightened land in the south; 
for Brahmagupta appeared full six or seven centuries subsequent to 
the compilation of the Chinese treatise which we are just desorib- 
ing."? Though Mikami was thus very cautious in making his obser- 
vations, two years later Kaye * exaggerated his misnotion by stating 
that ‘‘this example occurs in every Indian work after the sixth cen- 
tury.” Professor Florian Cajori has closely followed Kaye. 


The real fact is that neither the-example referred to by all those 
writers, nor any other of its kind, occurs in the works of Brahma- 
gupta. It seems strange that such an erroneous.impression could 
prevail so long without being challenged. ; 


Problems of that kind, not exactly that one, are found in India in 
the Ganita-sára-aamgraha$ of Mahavira (850 A.D.), the commentary 
of Prthudakasvàmi (860) on the Brühma-sphuta-siddhània* of 


1 D. E. Smith, History of Mathematics, in two volumes ; Vol. I, p. 189. 

* Loo. cit., p. 28. 

3 Reference is to the deg Suan-shu. 

* G. R. Kaye, Indian Mathematics, Calcutta, 1915, p. 39. 

5 F, Oajori, History of Mathematics, 2nd edition, New York, 1922, p. 97; also 
pp. 71 f. i 

* vii. 1913-1993. f MN 

* H.T. Colebrooke, Algebra with Arithmetic and Mensuration from the Sanscrit 
of Brahmegupta and Bháscara, London, 1817, p. 309 fo. This work will be hereafter 
referred to as Colebrooke, Hindu Algebra, 
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Brahmagupta, Lildveti ! and Bijaganita? of Bhaskara IT (1150).? 
The solution given by them is practically the same as ‘that given by 
Ching Ch’ou-ch’ang, namely, 


(full height) _ (distance from stem)? 
2 


° Height of break 2 (full height) 


Of course it could not be otherwise. But the form in which the 
Hindu mathematicians expressed the final result, or obtained it, is 
different, Thus according to Mahavira, 


Height of break =}{(full height)? — (distance from stem)*}+(full height). 


Prthudakasvàmi has obtained the solution by & cumbrous method 
with the help of certain properties of circle, while other scholars 
have done with the properties of the right-angled triangle. He 
supposes a circle passing through the point where the tip reaches the 
ground, with its centre at the point of break and its plane as the 
plane of the two broken portions. Then the distance from the stem 
is a semi-chord of this circle. Therefore T i 


(distance from stem)? 


pires of the circle= (full height) + full height 


and 
Height of break = (full height) —(semi-diameter). 
In the Bijaganita, the height of break (x) is obtained by solving 
the following equation : 


2? +b2=(c—2)? 


where c is the full height and b the distance from the stem. 

Now it may be asked whether any of the Hindu scholars who set 
a problem of that kind, derived it from the Chinese source. It is 
not easy at the present undeveloped state of the history of the deve- 
lopment of the science of mathematics in these two countries to 


1 Lilüvati, edited by Sudhakara Dvivedi, Benares, 1910, p. 37. 

? Bijagan:ta, edited by Sudhakara Dvivedi and Muralidhara Jha, Benares, 1927, 
p. 97. 

* Henceforth we shall designate the celebrated author of Siddhànta-firoman:, 
Lilüvat? and Bijaganita as Bh&skara II in order to distinguish him from his earlier 
namesake, the author of Mahd-Bhaskariya and Laghu.Bhüskariya, who will be desig- 
nated as Bhaskara I. The former, as is well known, was born in 1114 A.D. and the 
latter flourished in the first half of the sixth century. For further particulars the 
reader is referred to the writer's forthcoming article, ‘‘ The two Bhaskaras,”’ 
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a 
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decide the point at issue in a satisfactorily conclusive way. There is, 
however, one fact which appears to be against the hypothesis of inter- 
dependence. The two earliest known Hindu writers to record such a 
problem, Mahavira (850) and Prthudakasvami (860), were contem- 
porary. And they lived in the'two furthest ends of this vast sub- 
continent, the former in the extreme south, in Mysore and the latter 
very much towards the north, in Kanauja. It seems highly 
improbable that they had mutual influence, though the similarity of 
some of their examples is striking! A more natural conclusion 
will be to presume that either they derived them from a third source 
or they devised them independently. We do not as yet know of any 
Hindu writer, anterior to them, who gave such an example. The 
hypothesis of a foreign source coming to the hands of these contem- 
porary writers living in the two extreme ends of a sub-continent is 
set with so many other difficulties, hard to explain, that we discard 
it. We think it more safe to assume that they, Mahavira and 
Prthudakasvami, devised their problems independentiy.? 


The rule of Brahmagupta which.seems to have been the source 
of this error is this: ? 


“The height of the mountain multiplied by an optional multiplier 
is the full distance of the town. That divided by the optional quan- 
tity plas two, is the height of the flight of the other in case of equal 
journey.’ 


The problem contemplated in the solution given in this rule of 
Brahmagupta has been pointed out by his. commentator, Prthuda- 
kasvimi, to be as follows: 


“On the top of a certain hill there lived two ascetics. One of 
them had the super-human power of ascending and travelling in the 
air. Having ascended up to a certain distance from the summit of 


1 Compare Ganita-sdra.sathgraha, Preface, p. xi. 

2 It is interesting to find that another problem of the Chiu-chang Suan-shu 
(Mikami, loc. cit., p. 22) also reappearing in some of the Hindu works: In the 
midst of a pond there is & lotus, the portion of which above the water-surface is 
known. Forced by wind or other agencies, it just submerges at a known distance; 
to find the depth of water and the length of the lotus.stalk. This problem with 
some alteration in details appears in the commentary of Prthudakasvümi (Colebrooke, 
Hindu Algebra, p. 809 £n.), Lilavati (p. 38) and Bijaganita (p. 58) of Bh&skara II. 
Prthudakasvümrhas followed the same method for the solution of this problem 
as in the case of the previous one. So he differs considerably from others. 

3 Brahma-sphutassiddhünta, xii. 39. 
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the hill, he descended diagonally to a town. The other walked down 
the hill and went to the same town. Their journey were equal. I 
wish to know the distance of the fown from the hill, and what is the 
height of ascent of the super-human ascetic.’’ 


The rile says: 
Distance of town= (height of mountain) x m 


(height of mountain) x m 


Height of t= 
eight of ascen UE 


where m is any arbitrary integer. 


Problems of this type appear in the  Gamita-süra-samgraha,! 
Lilévati ? and Bijagayita.2 But while Brahmagupta gives a 
general solution of his problem considered as an indeterminate one, 
solutions given by Mahavira and Bhaskara II are cramped in various 
‘ways. Ifideed the latters have made the problem determinate by 
certain prescribed limitations. Mahavira’s rule contemplates a case 
in which the height of the mountain is two-thirds of the sum of the 
heights of the mountain and the ascent. Bhaskara supposes the 
town to be at a given distance from the mountain. 


Kaye has made another misstatement about the dependence of 
Brahmagupta and other Hindu scholars on the Chinese Chiu-chang 
Suan-shu In enumerating the various topics treated in that work, 
circumference 

6 
which is given by all the Indians; and the correct volume 
of a truncated pyramid which is reproduced by Brahmagupta and 
Srdhara." 5 — No part of this statement accurately represents the 
real facts. It is full of omissions and distortions. 


2 
Kaye writes: ‘‘The volume of the cone=( ) x height, * 


The expression for the volume of a cone occurs in India, so far 
as known, first in the work of Brahmagupta. He calls a certain 
kind of solids süci (literally, ‘‘needle’’) meaning thereby generally 
a pyramid with a base of any form. The base may be a circle and 


1 vii. 199}-2003. 5 f 

2 Colebrooke, Hindu Algebra, pp. 66-7. 

3 Ibid, p. 204. 

* Inadvertently putas (eren ferens ' in the original, 


5 Kaye, Indian Math., p. 39. 


| 


44 BIBHUTIBHUSAN DATTA 


lence the term includes a cone as well. According to Brahma- 
gupta, ! f 


Volume of cone (or pyramid) = (ares. of base) » (height) 


This formula reappears in the works of Mah&vira,? Aryabhata II 
(950),9 Nemicandra (c. 975),* Sripati (1089)5 and Bhaskara II 
(1150)5; but not in the works of Elder Aryabhata (499) and Sridhara ; 
(c. 750). The formula referred to by Kaye, no doubt, occurs in the 
works of all these writers? except Aryabhata I and Mahavira. But 
it has been specifically noted by ail of them that that formula is to 
be employed only in case of ‘‘the measurement of the maunds of 
grain ” . (rasi-vyavahara), not in other cases. It has been further 
remarked by Brahmagupta, Sripati and Bhaskara that in that case 
the-height of the maund must be assumed to be equal to tke cireum- - 
ference of the base divided by 9, 10 or 11 according to the kinds of 
grain. Nemicandra has. considered the case (for finer grains) in 
which the height is one-eleventh of the circumference of the base. 
So there is absolutely no doubt that the formula was intended only 
for a ‘‘rough calculation,” as has been already remarked by the 
ancient commentators. It appears from an instance given in the 
Chang Ch’iu-chien Suan-ching (** Arithmetical classic of Chang Ch'iu- 
chien’’), belonging probably to the latter half of the sixth century, 
that Chinese employed their rough formula for the volume of a cone 
also for the same purpose, viz., the measurement of rice.? Pro- 
fessor Mikami does not inform us whether.the accurate formula for 
the volume of a cone was at all known tothe ancient Chinese 
mathematicians. 


Brahma-sphuta-siddhante, xii. 44: - ru 
Compare Ganita-sara-samgraha, viii. 173, 20}. - 
Mahàsiddhànta, xv. 105. . 

+ friloka-séra of Nemicandra, with the commentary of Madhavacandra (c. 1000), 
edited by Nathuram Premi, Bombay, 1919, Gatha 19. 

5 Siddhanta-sekhara, xiii. 44. 

ò [Alavati, p. 65; Colebrooke, Hindu Algebra, p. 98. 

? Brühma-sphuta«siddhánta, xii. 60; Trisatika, R. 61; Mahasiddhanta, xv. 115, 
Triloka-sara, G&th& 22; Siddhanta-sekhara, xiii. 50-1, Lilüvati, pp. 69-70. 

s Cf. G&tha 28 in which has been specified the kinds of seeds for which this 
assumption is to be made. i 

° Mikami, Chinese Mathematics, pp. 42 f. 
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The formula for the volume of a frustum of a right circular cone 
appears explicitly in India first in the works of Sridhara.!| Ifd, D 
denote the diameters of the upper and lower face of the frustum and 
h its height, then its volume V will be given by, says Sridhara, 





v=} v 10[d? + D? + (d+ D)?]?. 
— (r? + R? +rE)h, 


where r, R denote the radii of the upper and lower face and 


z — 10. the value adopted by Sridhara. It also reappears in the 
work of Áryabhata II? and Mahavira.? The accurate formula for 
the volume of the frustum of a circular cone was not known to the 
ancient Chinese, though they knew an approximate formula, with 
7—8, from the time of Chiu-chang Suan-shu.* 


Brahmagupta,’ followed by Mahávira,Ó gave a general method 
of calculating the volume of a frustum of a solid, such as a pyramid, 
a cone and a wedge, whose upper and lower faces are parallel. He 
first calculates two approximate values called Vyavahdrika ganita 
or ** approximate volume” (A) and Autra ganita or ‘‘ gross volume’’ 
(G). Mahavira calls them respectively Karmüntika-phala and 
Aundra-phala. It is stated that cy 


4 - (area from half the sum of the linear dimensions of face and base) x (height) 


G — (area of face) + (area of base)} x (height) 

The accurate volume (V) of the frustum is then given to be 
y-i(G-—4)-4A. 

Now for the frustum of a right circular cone noted-before 


AS (2 )xh, Goj(r?-sR2) xh. 


* Trisatikd, Rule 58. This clearly shows that Sridhara knew how to find the 


volume of a complete right circular cone though he had not explicitiy recorded it. 
= Mahésiddhanta, xv. 106. g 

Ganita-süra-safhgraha, viii. 174. 

Mikami, Chinese Mathematics, p. 15; cf. also pp. 49 f. 

Brahma-sphuta siddhénte, xii. 45-6. 

Ganita-süra-samsgraha, viii. 9-11}. 


[I 
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as stated before. Mahavira has applied the formula to a few specific 
exam ples.! i 

For a truncated wedge-shaped solid, the sides of whose upper face 
are @, b and the corresponding sides of whose lower face are a’, b’, 
the approximate volumes will be 


/ I 
As (te (tae )xh, G=4(ab +ab!) x h. 





Then the accurate volume of the frustum of the wedge will be 


ma LO as ( otal ) d 
Vs {L(ab+a h nar ag ( E h 


«eC E o 


On reduction we easily obtain 








| F—d(ab + at! + (a-- a!) (b -- b) xh. (2) 


The formula reappears in this reduced form in the works of 
Aryebhata II?, Sripati? and Bhaskara II.4 


The formula for the volume of a truncated wedge is given in the 
Chiu-chang Suan-shu? and Mong-hsia Pi-t’an® of Ch’én Huo (died 


1075) as 
4{(2a + a!)b + (2a! + a)b!] x h. 


This expression is of course easily reducible to the second Hindu 
form. But the first Hindu form, the one which has been stated by 
Brahmagupta and Mahavira, is so considerably different from, indeed 
so more complex than, the Chinese form, it is very difficult to 
presume that the former has been derived from the latter. The 
wide divergence in form of the final results cannot be overlooked as 


1 Ibid, viin. 144, 173. 

Mahasiddhànta, xv. 106. 
Siddhünta-Sekhara, xiii. 45. 

Lilavati, p. 45. 

Mikami, Chinese Mathematics, p. 15. 
Ibid, p. 61. 
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immaterial. Indeed in the absence of any. other specific evidence 
the‘ form of a result gives us a clue to the method by which it has 
been arrived at. The Hindu and Chinese mathematicians seem to 
have, in fact, followed entirely different methods for calculating the 
volume of a truncated wedge. Brahmagupta and Mahavira obtained 
their final accurate result through some intermediate stages of rough 
calculation, The Chinese process seems to have been -more direct 
(vide infra). 

It should be noted that the above formula for the volume of & 
truncated wedge is equally available for finding the volume of a 
truncated pyramid with a rectangular base. Still particularly put- 
ting a=b, a'—b', we get the formula for the volume of a frustum 
of a pyramid with a square base as ` 


Fla? +a? -- aa!)h. 


This particular formula occurs in the Chiu-chang Suan-shu,} 
Chang Ch’iu-chien Suan-ching? and Heron's Stereomeiry.? It was 
also known to the ancient Egyptians.* Cantor,” followed by Tropfke? 
and Smith," thinks that Brahmagupta’s rule was meant for such a 
Particular case only. But we do not think so.9 For there is 
nothing in Brahmagupta’s definition of his rule to suggest such a 
limitation. These writers were probably misled by an example of a 
well with a square face (a case of a truncated square pyramid 
turned upside down) given by the commentator Prthudakasvami 
in illustration of Brahmagupta’s rule.. . -- 


Mahavira’s rule is absolutely free from any kind of limitation. 
For in illustration of it, he has given examples relating to a trun- 
cated pyramid with a triangular, square and rectangular base, a frus- 


1 Ybid, p. 16. 
? " Ibid, pp. 42 f. 
* "T, Heath, History of Greek Mathematics, Vol. IL, p. 884. 


* B. Touraeff, Ancient Egypt, 1917, pp. 100 ff. = 

5 M. Cantor, Vorlesungen über Geschichte der Mathematik, Bà. T, Leipzig, 
1907, p. 649. 

9 J. Tropfke, Geschichte der Elementar-Mathematik, Bd. VII, Leipzig, 1924, 
pp. 24 f. 


7 D. E. Smith, History of Mathematics TL, p. 298. 
* Sudhakara Dvivedi also is of the sama opinion. Vide his notes on Brahmg- 


* gupta's rule, 
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tum.of a right cireular cone and also a truncated wedge.! Now 

Brahmagupta’s rule is substantially the same, not only in the matter 

of the final result but also in the matter of the definition,—as that of 

.  Mahivire. So in the absence of any specific facts leading to the 

contrary, it will be only fair and equitable to believe that Brahma- 
gupta implied the same extent of generality of application by his rule. e 

In any case Kaye is wholly wrong in asserting that Brahmagupta 

and Sridhara, have ‘‘reproduced”’ the formula for the volume ofa 
truncated pyramid from the Chiu-chang Suan-shu. For no such for- 
; muls occurs in the Triéatikd, the only available work of Sridhara.? 
| Nor has its occurrence in any of his lost works been testified by any 
| 







è 
/ 


posterior writer. Further such a formula is not found in the Chiu 
chang, Suan-shu or in any other known Chinese treatise on father: 
tics. If, however, the formula given in the former for the volume of 
27 o8 truncated wedge, be looked upon from that particular point of 
view, ita form, as has already been remarked, is so different from the 
,; form of Brahmagupta’s formula, one cannot be said to be a reproduc-| 
.." !! tion of the other. i 


To find the volume of a truncated wedge. 


The solid contemplated is a wedge with the rectangular base 
A'B'C'D! whose upper portion has been eut off by a plane ABCD 
parallel to the base. Let k be the distance between the two planes 
and further AB — DO —a, AD— BO =b, A'B! zz D!O!zg!, A!D' —B!C! «V. 

s Method of Chang T'sang: Draw a plane through AB and O'D' so 
Tus the solid is divided into two wedges, one with the plane face 
pa A'B'C'D! and opposite edge AB and the other with the plane face 
ABCD and opposite edge C'D', To find the volume of the first 
eZ wedge, draw two planes through A’D! and B/C’ perpendicular to AB 
(produced if necessary). So that the volume of this wedge is equal 
to the volume of a -triangular prism of base } b/h and height o 


1 Ganite-sdra-sathgrahe, viii. 123-183. There is obviously an error in the 
example relating to the truncated wedge (viii. 164). 32 should be 22, 

? Tt is perhaps noteworthy that there is no reference to the formula of a truncated 
pyramid in the English translation of the Tréatika by N. Ramannjacharia which 
has been published by G. R. Kaye, with his own notes and comments (Bibl, Math., 
XIII (8), 1912-18, pp. 208-17). 
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minus-the volumes of two prism each having equivalent base and 
sum of whose heights is a/—a, The volume of the first wedge is 
then! 





1 ' I— liy 5. 
5 V hxa go ha a), 


or Heat a). 

Similarly the volume of the other wedge is 
aa 4.a)b. 

Hence the volume of the whole solid is 


{atab + (2u! +a)b'} x he 
Q.E.D. 


1 The volume of this wedge can also be obtained in a slightly different way : 
It is equal to (i) the pyramid with the base PQC’B’ and vertex B, and (ii) the 
triangular prism with the base PA'D'Q and opposite edge AB, Hence the volume 
of the wedge is 


g(a —ay/h +}ab/h 


or 3(2«' + a)b'h 
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That Chang T’sang did actually follow this method appears very 
probable from the ease with which the result comes out directly in 
the form in which it has been stated by him. It is further corrobora- 
ted by the fact just before stating the formula for the volume ofa 

œ» ^ truncated wedge, Chang T'sang has given the formula forthe volume 


of a complete wedge 
J Method of Aryabhata II: Draw a plane through AB parallel to 
the face DCC’D! cutting A'D' at F and B'C' at H. Similarly through 
/ BC drawa plane parallel tothe face ADD!A! cutting zd at P and 
C'D! at Q. J òin FH and PQ intersecting at G. Then evidently FD'= 
b, A'P =a, A/F=b'—b, PB'=a'—a. Then the given solida ig equal to 
the sum of the parallelopiped ABODD'QGF, wedge ABGPÁ'F, wedge 
BCC'HGQ and pyramid BHB'PG. Now the wedge AB GPA'F is 
equivalent to half the parallelopiped on the base A'PGF and of height 
h; the wedge BCC’/HGQ is equivalent to half the parallelopiped 
on the base C'HGQ and of height h; and the pyramid BH B'PG is 
equivalent to one-third the parallelopiped on the base HB/PG and of 
height h. Hence the truncated wedge i is equivalent to a parallelopiped 
of height h and base equal to 


ab + 3a(b! —b) +46 (a'—a) - 3(b/ — b) (a! — a), 
or =- B{ab+a/b! + (a--a!)(b +b}. 
Hence the volume of the truncated wedge is, 


dab +a'b' + (a-- a) (b +b} x h. 

i f Q.E.D. 
Of course this method does not give the final result in the form in 
which it is recorded as directly as the Chinese method. Neverthe- 
less there are reasons to believe that Aryabhata II and other Hindu 
writers posterior to him, such as. Sripati and Bhaskara IT did actually 
follow this method or a method’ very nearly similar to this. It 
differs from the Chinese method primarily by the fact that it seeks to 
find the base of an equivalent parallelopiped of the same height as 
the given solid. Bhaskara explicitly, others though less so but un- 
doubtedly, refers to the ‘‘mean area” of the base of the eapitale 

parallelopiped. ' 
Method of Brahmagupta: The rationale of the rule followed by 
Brahmagupta, as also by Mahavira, for finding the volume of a 
truncated wedge, cannot be ascertained so easily.. For itis a little 
more complicated than any of the two previous methods. It seems, 
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however, almost sure that his object was like that of the posterior 
Hindu writers, to calculate the ‘‘mean area’’ of the base of a 
parallelopiped whose height as well as the volume will be equal to the 
corresponding quantities of the given truncated wedge. This he did 
first roughly by taking the required ‘‘mean area’’ to be equal once to 
the area formed by the mean of the corresponding sides of the face 
and the base of the given solid, which is also the area of the section 
of the solid by the mean plane, i.e., the plane intermediate between 
the two parallel faces of the solid, and second time to the mean of 
"the area of the two parallel faces. Thus he obtained two approximate 
values of the volume of the given solid, viz., | 


€ 4- a/ b! = ata’ b+b! 
G=} (ab + a'b')h, 4-( i (= h. 


He then probably calculated the volume accurately by the method 
indicated above. But still desiring to express the final result in 
terms of either of those approximate values with necessary correc- 


` tions, he observed—by drawing the straight lines F"H' bisecting A'F, 


B'H and P'ÉQ! bisecting PB’, QC'—that the ‘mean base” for the 
value A, namely RF'D'Q!, had fallen short of the ‘‘mean base” for 
the accurate value, by having taken into account only one-fourth of 
the area HB'PG whereas it ought to have done one-third of that. 
Hence the correction to A will be the volume of a parallelopiped of 
height h and of base 


l (gab 
i (a! —a)(b! — b). 
Now this can be expressed as 
T ab +a'b -( us) ( beh) } 
2 2 2 3 


So Brahmagupta stated the accurate value of the volume of the 
truncated wedge as ‘ 








4 (G—A) +A. 
Q.E.D. 


Bull, Cal. Math. Soc., XXII (1980). 


A TYPE or COMMUTATIVE MATRICES. 
By 
E. T. Brr. i 


(California Institute of Technology.) 


1. Introduction, IfM isa square matrix of order n, any polynomial 
in M can be reduced by means.of the characteristic equation of M to a 
polynomial of degreegn—1lin M, and the general form of a matrix 
commutative with M is such a polynomial of degree »—1. : 


` The type of commutative matrices considered in this note arose in 
a partial determination of all polynomials in any number of variables 
that repeat rationally under multiplication in more than one way ; they 
may be of some independent interest. i 


Each element of a matrix of the type in question is a ‘linear 
homogeneous function of the same independent variables; if the 
variables be replaced by any other set, the matrix fies obtained i is 
commutative with the original. z 


From another, abstractly identical, point of view, the determination 
of such’ matrices is equivalent to that of finding s Hagae honiogeneous 


pË, TE ATE E I E a ea 


forms 


- ne . z $ & Pg TEN t 


k ‘ a 
enn SEE p. =o" ,O Lr 2.. dir D 
1 » ji , 
` f | PERSE d: Tet. tote 
in 1 the indspeudous variables a® such that mM M i -a > 


p? ( p® ; i B RS P) -PO( gf pO po m ams 
(k= 4, 2s. n). 


Before PEN io ihe general case we give an example, which: 
can be’ verified, if desired, by actual multiplication of the matrices; 
although this is unnecessary, |. ~*~. 02 te =e 
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Let p,¢,7, 8 be independent variables, and a, b, c, d arbitrary - 
constants. That the number of variables is equal to that of the 
constants, is merely a peculiarity of the example, and is of no special 
significance. For convenience in printing, put 


ptaq=t, r+as=u, pter, 


qtcs=w, t-+ousz. 
Denote the matrix 
p bq dr bds 
q t> ds du 
r bs. v bw 


s uw zl, 


considered as a function of p, q, r, s, by M(p, q, 7, s). Then, if p', q’, 
r', & and p", q”, 1", s" are any sets of 4 independent variables, M(p’, q’, 
- 4^, 3!) and M(p", q", 7”, 5") are commutative, 


2. Characters. A considerable saving of space and labor is affected 
in the theory of n-dimensional matrices aud multilinear forms by our 
adaptation of the summation and contraction devices familiar in tensor 
analysis, which we now explain. In this adaptation superscripts and 
subscripts do not, as for tensors, indicate contravariant and covariant 
characters respectively. 

Any small Greek letter, a, B, y,....6,...denotes a blank which may 
take any one of the values 0, 1,..., » —1 (n>1). In expressions of the 


C] . HE" 
form AP i Br , etc., which will be called symbols, B, y, 8, e are 


superscripts a, À, c subscripts, The same blank can not occur twice as 
either a subscript or a superscript. A blank may be replaced by any 
blank not already used in a symbol, without altering the significance of 
the symbol. All symbols obtained by permuting the subscripts of & 
given symbol in all possible ways are regarded as the same symbol, and’ 
similarly for the superscripts. It is assumed that symbols may be 


^ Hn . 5 
multiplied, as A Br ; that any product of symbols is a unique 


symbol, and that multiplication of symbols is associative and commuta. 
tive. It is further assumed that symbols can be added, and that 
addition is associative and commutative.- Lastly, it is assumed that 
multiplication is distributive over addition. 


c 
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"n 
að ’ 


As in tensors, a repeated blank, for example a in Ay B which 


occurs once as a superscript and once as a subscript, indicates the sum 
of all symbols obtain ed from the typical one by putting a=0, L,..., n—1 
and adding the results. 


The character of a symbol or of a product of symbols is the two-rowed 
array obtsined by writing down, in any order, all the superscripts of 
the symbols in the product to form the upper row, and all the subscripts 
to form the lower row, and finally deleting any letter which occurs in 


both the upper and the lower row. Thus the character of A? BY 


ik ( Byx y that of A^ Bt is ( yk ) ,and the characters obtained 


from these by permutations of the blanks in the upper row, or in the 
lower, are identical respectively with the given characters. 


An unrépeated blank in a symbol or in a character is called free. 1t 
is frequently convenient to symbolize a product by an arbitrary single 


letter with the character of the product ; thus Aon B^ -0, , 


A symbol containing precisely s free blanks represents the entire set 
of n" symbols obtainable from the given one by letting each of the free 
blanks range over the integers 0,1,..., —1. 


Characters are defined to be identical when and only when the 


numbers of blanks in the upper róws are equal, and likewise for the 
lower rows. 


Tf to each blank in a character a definite value (one of the integers 
0, 1,..., n— 1) be assigned, the result is called à numerical value of the 
character. 


Two numerical values of a character are equal when and only when 
they are numerical values of identical characters, and the integers in 
corresponding places in the two characters are respectively equal. 


An equation between symbols has a meaning when and only when 
their characters are identical; such an equation, when significant, 
denotes the set of 2‘ equations obtainable by assigning to the identical 
characters equal numerical values in all possible ways, s being the 
number of free blanks in each character. Any assertion concerning a 
symbol containing precisely s free blanks is equivalent to the 
simultaneous assertion of the n° statements corresponding to the x" 
numerica] values of the blanks. 
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8, Operations with matrices. We need consider only the case of 
two-dimensional matrices. 


Let be the square matrix of order n, of which the element 





AS 
B 





-in row a and column £ is A, : 




















Hi 
Tf c is a scalar, c] A’ | = cA" | 
B B 
Addition: | A" | + | p? =| AY +B" |. 
Bd Y : "B 
Multiplication : | at | | et |= "au 
(1) aaa alg ion A, B, A, Bs 
i ! 
. TIN a 23 je 
Transpose : It A =A, ; | A, = | 








o 


In the product, the character of the typical element AY B; is (5 Jj 


which is also the assignment of the element A^ B. to row a, column 8 


in the matric product. 








A || B. , 88 


the repeated indices a, 8 are both upper, or both lower. 


No summation is implied in preducts such as 


Each of the following implies the other: 
a 
14 


4, Condition for commutativity. Consider the two sets a 5 y^ ofn 


q 


ELE B 
-|5 t AL B, 





independent variables each and let Cn be n? constants (independent of 
i 


a 


e : y ). Define x , Le by 
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Then 
B € è mar = 
e ¢ c =Y 
y B5 p? 
pa yoo & =x‘ r. - 
BE að a i 
Hence : 
^? -In Iz. 
E Bb 5 
= sy 
eteelele | [at | 
BE ad 3 é 


Hence it follows that, if 





x^ | ; Ix: | are commutative, it is 


necessary and sufficient that 


(2) a B o Ad a 8 E) E ; 
=r . 
y at B5 y BE ad sur Em 


In (2) there are precisely 4 free blanks. Hence (2) is a system of n* 


equatious. Now +°, "d are 2n independent variables. Thus (2) is 


equivalent to a set of n*—2n conditions upon the n? constants c° . In 
BY 


a 


Y 
B 





order that 








x) | ; shall be commutative, it is necessary and 


sufficient that the indicated conditions be satisfied. 


Having determined cs so that (2) is satisfied, we shall have found 
Y 


; . Wm 
a D F « 
X | , whose elements are linear homogeneous functions, 
B : 





@ matrix 


is the matrix 





of the » independent variables a^ , such that, if | Y) 





& . 


obtained from | x | by replacing z -by.y  , the matrix BR 





commutative with | x 


8 
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The element in row a, column f of x. 


5. Determination of the constants. Let f, be n linearly independent 


elements of a ring, namely, of & system closed under addition, multi- 
plication and subtraction, and assume for a moment that constants 


c^ exist such that 
BA 


è 
(8) fi, =f, fono fe 


aB' â 


Then if u? isan independent variable, 


a 5 
x Í u? f =." u f f -* "i ef, 
a t a $ 


et 65 
B Él BẸ 8.) 
y 5t f =y u p y REA 
Hence S 
B a E |a B E B e 
y f « f a f egy u PA E 
a B E = B £ B e 
0 Sf. fp ot ése f 


the first of which is merely the expression for the product of the three 
linear forms 


a 


y f se f ,u f , 
a a a 


the multiplications being performed in the order written from right 
to left, and similarly for the second and 


2 f iy f ja f. 
a a a 


Since multiplication is commutative, 
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Since the f, are linearly independent, it follows that 


i 


and therefore since «° represents n independent variables, 


" Be apie 
e Y a ^ V yu un 
which is the requisite condition (2) of the preceding section. 
If remains therefore only to find sets of n Indeterminates f, satis- 
fying (3). 
Consider the general equation of degree n>1 inf, 
. (4) ft fr be bt, =0, 


where ¢,, ~, t, are independent variables. Writef, =f Then any 


polynomial in / is uniquely reducible by means of (4) to a polynomial in 


fof degree x»—1. In particular the product f f is so reducible. 


5 
Hence the e. are uniquely defined by f, A =c f, . and we have 
Q, 


apd B 
è 5 
[5 L0 . 
aB Ba 


Instead of a single general equation (4) of degree n1 in f we may 
proceed similarly with s general equations of degrees 5,, w,, . ,n, in 


f,g...., h respectively. The typical product is then f 9, el f g 
a # 


..h , instead of f 5 as before, where a, A range from 0 to n, —1; 
y a 


B, from 0 to n,—13...; 8 y from 0 to »,—1. The example in $ 1 


was thus constructed from the case s=2, n, =n, =2. 
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Since the general equation is irreducible, it follows in an obvious 
manner that the matrices constructed as outlined are non singular, and 


hence have unique inverses. They therefore generate an abelian 


group. 


Bull, Cal. Math Soc., Vol XXII, No. 1 (1930). 
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ON THE ZEROS OF NON-DIFFERENTIABLE FUNCTIONS OF 
DARBOUX’S TYPE, 


BY 
Santosh Kumar BHAR, 


(Calcutta University) 


The object of the present paper is to investigate the zeros of 
the non-differentiable functions of Darboux’s type, namely; those 
non-differentiable functions, the simplest of which are the functions 


i9 cos {1.8.5.., (2n —1)]vo 


BI SE 1.3.5... (2n — 1) 
oo . 2 
E = 6* sin 11.5.9,..(4n-- 1) rz 
ond vas IB ae? or |e 


given * by Darboux in 1879 and the most general are the functions 
given t by Lerch in 1888, e.g., the function : 


L (2) = S. r” cos (a, az) 

1 an 
where r>1, a, —ps p, Pa-+-Pa» the p's being any odd integers with p, 
tending to infinity as n tends to infinity. : 


It is believed that those, who wished to give “ graphical repre- 
sentations’’ of non-differentiable functions, as Wiener, Felix Klein 
and G, C. Young] did in the case of Weierstrass's function, must have 


* Ann. de l'E'cole Normale (2), VIII, pp. 195-202, 

+ Crelle's Journal, Bd. 108, pp. 185-188. It should be noted that. like Cellerier’s 
function, Lerch's function may have infinite (but nowhere finite) differential 
coefficients, 

+ Wiener, ‘‘ Ueber die Weierstrasssche Function " (Crelle's Journal, Bd, 90, 
1881) F. Klein, Anwendungen der Differentialrechnung und  Integralrechnung 
auf die Geometrie, 1907; G. C. Young, ‘‘ On infinite derivates,” (Quarterly Journal 
of Mathematics, Vol. 47, 1916, see specially p. 156). 
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desired to know the zeros of those functions. However, it is only: 
recently that-the first successful investigation of this kind has been 
published by Professor Ganesh Prasad * who has given general 

expressions from which zeros of Weierstrass’s function i 


a 


oo B 
5 a” eos (b* ma) S ud ] ae 


can be obtained. Professor Prasad has also suggested the ‘following + 
problem: “To classify non-differentiable functions according to the 
number of limiting points which its zeros possess in a finite interval.” 


The investigation, the results of which are embodied in the present 
paper, was undertaken at the suggestion of Professor Prasad to whom 
I wish to express my. sincere thanks for his interest and encourage- 
ment. i E 


In $ 1,- zeros of 


< 2 6" cos-{1.8..; Qumi)pss - 
P pom ~~ 18...(2n—1) 


+ 


have been investigated, andit has - beer ` proved that, whatever odd 


positive integer k may be, there is a zero ‘between 


ee: ST NOE Ws 
s * s5. Gi a + 3s Sy 


and the general expression~for -: zeros - -otherF than $ in the interval 
(0,1) is given as x 


1 1 Ace 
9t sear 9 
where 04A, «1 and Ay can be approximated to ás closely as we please. 
By way of illustration it has been shewn that : 


11486 < A, < 11488, 
322 < X, « 21 


. * “On the zeros of Weierstrass's | non-diferentiable fonction.” (Proceedings 
of the Benares Mathematical Society, Vol. XL) 


flo, p.8 a 2 


ZÉROS OF NON-DIFFERENTIABLE FUNCTIONS 03 


In § 2 zeros of 


3 _ 6" sin {1.5....(4n+1)} re- 

DE l5..(4l) 

have been studied ‘and the generet M dcus for zeros other than 
the engin and the points $,$,2,£,intheinterval(0, 1) is given by 


iun U tjm) 


where / is any positive integer and p p is such thatO < p, <1 and y, 
like A, may be approximated to as closely as one wishes. This section 
finishes with a formula for approximation in the general case. 


In $ 8, zeros of Lerch's funetion . 


L(a)= Š 7" cos (a, Tz) 


=0 aa 


have been investigated. 


The first portion deals with the classification of the function into 
three classes according to the nature of the positive odd integers the 
p’s; and the last contains the detailed discussion cf theclass A in 
which the p’s are all of the form 4m+3, where m may be zero or any 
positive integer. It is proved here, that there is a zero of L(z) of class 


A between 
l 
tegen IEE, b. l8. e 
2 Do-- Pati 2 Pow Pat+a R 


for every positive integral value of t including zero. 
The paper concludes with a brief diseussion of the other two classes. 


$1 


` Zeros of Darboua's cosine function D (x) 


1. There is a zero of D (w) between Sty and 1 + 1 


8: 32 8B 
Proof : — l 


D (2) =F 00s os (04 È ig 9*5 (i San) + ies a p 008 (1.8.5 4) +... 


64 ^. SANTOSHKUMAR BHAR 


1,1\_6§ oc zu 
D ($3) 5 | sin 5 P +0404.....<0 
and l : 


1 1 6 m 63 


Now we have the well bac en relation 


1> moi for 0 < 6 <5: 


- 


In ados to determine the sign of 


(bee occ 


we first increase the absolute value of ocean: “term, ie., the first 


term in D (i4 E ) and diminish the positive term, t.e., the second 
- * a w - v - 


- ipd € de v ^ j^ 
term iD (gtz) D ] 
To effect this, we substitute in ayo oo 


Ce ee ee 
l i5 for sin is and 5 for sin ~- 
Thus C UE: E = 
2 E 
» (44 d) TBO. 
It is useless to remark that D (2 + L a will still more be positive 


if we consider the actual values sines. Thus; remembering 


that D (æ) is continuous, it takes up all the values lying between 
A O Ser 1, 1 
»(3 +5 ) ana D (G+ 35 ) so there must be 


at least one value of # between E + 3° anda 1 + E for which D (s) 


vanishes. N 
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2. Therets a zero of D (x) between 





65 T 
+ 133 8?» 40404 .. 

6r 6? 2 65 2. 
>— 85» tis: 57 188 77° 








To determine its sign, we follow a principle similar to that in 
Art 1 ; we diminish the absolute value ofeach negative term and 
increase each positive term, 


Thus 
1 qwe s $ Xue 
p G *g 353) 


6 2 65 m "68m 64.3 
S-y 8575 18/579 t 1857.9 ~ 18579 


< 0. 


Therefore, there is a root of D (x)=0 between 
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8. Generally, there ts a zero of D (x) between - 


l4 ee cae 
à -ri 3.5... (Gk 4-1) (2+3) ' 


where k may be any odd integer. & 

For proving the' above result one should bear in mind the remarks 
under (a), (b), (c) and (d) below :— - x M 

(a) In order to understand clearly the general case, it is desirable 
to notice at the outset the following cyclic changes of signs of the e 
* cosines in the terms of the series for D(x): —- .- 


T7 — eet . 7T TOP 
Cos { 1. 5 s o}= "s er Oos { 18.5.7.9,5 +o} = — sin 6, 
Cos fı. 3.5 + o} = -+ sin 6, Cos { 1.8, 9.11.5 +0} = + sin 6, 


00s 4 1.8.55 +0} = + sin 6, os [13.211187 +0} =+ sin 6, 


Cos { 1.3,5.7.5 +0} =~—gin 6, Cos { 13.,.18.15, 5 + o} =— sin 6, 


and so on. . 
1 1 c 
e » (54 &5.. GET 1) ) 
en ee 

cup m 35... (Dk 1) "BT. TFD * 

6*-71 4 " 6* T +0 
*13—3:—3) 9" y GERI) CBS. (Ghat) xL 
and : 

1 1 ae 
R ( 2 * 85. 1) GRRS) Je wes 


6 i z UNS 
=i m 5" $5... (2k 38] * ps " Ry ELS) 


il s 
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6* . E f 
Jea B , Cae Ee ee Ir Lans 
1.3.5... (25 —1) 1 (2k--1) (2k--3) 


eg ` 
sin 


7 
ir. FT) (ana) tot 


t 





In order that there may be a root of D (x) =0 between 


1 T andi 1 


g tàkRSGRED ta *tERSQGERES 
it is sufficient that 


a (5+ 35-033) Jesse SELON. ) 


be of different signs. 
(c) Case F: sc x 


1 1 
»(i taan )>* es 
and . 


8G + sien ) <° ES 


It will be shewn presently that D (e) is —€— or negative, accord- 
ing as the last term in its expansion is positive or negative. 


= 


Therefore 


D(4 + i 35...2kFI ORF) ») 


is positive if its last term, t.e., 


6* : 7 : A 
. Bin -m  Í880, e, 


t 13..(25—1) (2k41) 


and similarly 


p(z + STRIS ) - 
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is negative if the last term in itp expansion, $6, 


6**1 


CIRGERDO ME 1880, 5853 


ne (2i 3-1)- X = 9m, *g 


where m, and m, are positive integers. For the fulfilment of the above 
conditions, the k'^ term, i. e., (2k-1) of the sequence 1, 3, 5... must 
be restricted to be of the form iie: for some e positive integral value * 
of p. 


(d) Oase Hs — 75 0-7 = - é 
There will also be a root of D (z) =0 between . 


lta adi i E 


3.5...(2k-+- 1) 3  85..(2k3) " 


1 em 


snl pa VU 
it 2( *35. (GE 1) js 


^x 


1 
sins NL o». 


t.e, in this. case ` 


EENS a 5 = mn, +5 


- and { 1.3.5... (2h-+3) IE 7 2an, + - 


where, n, and n, are any positiye integral numbers. 


In this case, the k'^ term of the same sequence 1, 3, 5,..must be 
of the form 8p —7 for some positive integral value of p. 


4. We proceed to give-the proof of the statement in the beginning 
of Art. 3, Case I. ` 


Proof: — 


©? (h+ scarry)” 
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= 6 — sin p Meo c ER - 
i 8.5... (8k-- 1) : 
ques s a "A ES ant 
i3..(8k—8) ^ © GRD (2k+T,  13..(2k—1) (2k+1) ` 


Let us examine the most unfavourable case, t.e., let us suppose that 
all the terms excluding the last, are negative in 


P($ + ss-arer): 


then we adopt the same principle as before, namely, here we increase 
the absolute value of every term thus supposed negative and diminish 
the last positive term and take the difference. 


Thus 


"(a+ 2" 85... san) 


5 26 7 m E 6*-1—1 
13 (2+1) L8 Q 8 |. 


NE 20 . r(-9 } ~ 
"y ien] i 5 


= 1 6* (10—7) 4- 67. 0 
= 13. 8X1) l 5 : | = 





(for 10 > r). 


Therefore it is found that _ 


"E 


i 1 
i D(z * S+) )>o. 


© D(z + coy) 


H 7T 
1 = sin sean} Fore 


bel O 
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+ 6+ . T U 6*1 : T 
TXYRLQGR-1)( ^ QEED QRRS)(  LRBSQREl) | (REB) 


Proceeding exactly as in (a) above, we find that 


1 1 
D($* EXER) ) 


1.6 1 ài 0,1 26m 
< [3 LETS) i Ee osse É IRIS) 


26^ 


6 —1 
= Y... RES) ae 2 T1$..0 48) - 
" 6 (m—10)—6 7 
koe ms oe Bee } ie 


Therefore there i is 8 root between 


1 


1 a 1 
x + 8E. 3 t+ 35 85 GEB) 


5. Oase II. - 
Proceeding exactly as in Oase I, we come to the same conclusion. 


Also, it can be proved that there is a root of D(c)=0 between 


d z 


1 = 
Mac dp a ee 


and, generally, there is a root between . . 


l- and 2 3 1- 


1 m 
3 ^ $&5..(k-D) 2  35....(2k+3)° 


6. Every zero can be approximated to as closely as we please. 
Thus, one-fold infinity of zeros of D(«) between (0, 1) are 


11 1 
$23 t35.GERDG S 


k being any odd integer and X isa number lying between 0 and 1, 
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which can be approximated to as closely as we please, as illustrated 
below for 


k=l, 3. 
By direct calculation, it is found that _ 


€) D(g*5)«9 D( 5435) >o 
D(5+%)>o D(t) 
aae (442%) <o, 
D( +r) > - P (iiis) <>. 


L^. 39870 ) (4 um) 
a (3355: 20 D 3 195135 Se 


Now, if 
1,1 i= a 
D { à + 3 (oh) e 


then we find that ‘11486 < A, < 11488. 


By further calculation, À, maybe approximated to more closely, 
(b) When k=3, 


doo dou nunc S des d T 
D(tgpn)^9 D( 5+ asyr ) < 
D( itag)’ s zoe 

2 945 p F 3 945 


1 
*(s* ws a Cs z + qs ype 


so if 


sis whe E 


whence we find, the value of Às lying between 
C20» M» 091€ 
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Eg = sia 8 9 
Zeros of Darboux’s Sine Function: D (a) 


` 7. There is a zero of D (x) between - 


1 3/2 * E 
pg d i. 
Proof :— i 
z^ 6 . x 
»( Bp iF i S > 0. 
Also i 
p( 32) =3- # Se eh a " 
5. 5 59 59.13 
28.4. 
bod 5 5 eee 
« 0 * "e 


Therefore there is at least one root of 


T o 1 
D(#)=0 between gg and BO" 








B. There is a zero of D (æ) between 


Proof : — 


D (25, )=8. ain 27/24, 67 gin r2 — 6? 


5.9.13 — 5.18.17 


913* 59 ""i19- ^ E918 ^" 


es 
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< 49, 3% = —6s B 
$318 43 55, 8187 p e 
< gis E «-ne] UE = 
—144 

< E933 

« 0. 


Hence ib is proved that there is a root of 


1 3/2 
5548 "€ 5915 





D (x) 0 between 
9. Generally, there is a gero between 


1 3/2 
$.9....(4--1) ^ 89... (41 1)' 
where l may be any positive integer. 


Proof :— 


@ 5( seen ) 


EA sin IR GILT sin Ecce CER: T 
5' "^ 515 — 413-1) 1837... (841) 
A canet 04-04 

TUER. a8 sin j +0404. 

? d 
o) P( s cry ID i - 

A , 

_ 6 sin 37/2 6? 3r/2 
50 gaa) bo ae t 

git 52 7o 6 


* 53... (81—8) 5? (agi) D53..0 ED 
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Here, also, in 1 order ie ‘determine the sign of D( BD ) 


we adopt the same process of evaluation as before. 


Thus D ( E I D 


BA LC 
eee c 


« 6 — 3x[2 + St 35/2 ^ 
5 '9. (441). 59 1317... (4 1) 


+ 6'—3«[2 - o eu 
5.9... (4141) 5.9... (41 -- 1) 


(3/2).6(1 64-69 3. ...-- 6-2] —6 


inn 5.9... (41-1) 
i ‘or i 
1 (ea 3)- - Saf. 
$9..841)l — 5 — Jj BD) 
P or l 
way (Sie j oar <° 


for 3r < 9-45 < 10. 
Thus, it is proved.that there niust.be at ledst one toot between 
uci ee and 82 _ " 

ES.) UT 59 DET): 


If we consider the interval (—1,1), it may be easily seen that there 


is a zero of D (v) between 


"TONO: ee and — 3/2 ` 
$.9.... (4141) 5.9... (44 -- 1) . 


10. Zeros of D (a) between (0, 1) are ü 


022.4142, | l _ (1+1 P 
> 8? BY D) 5? 5.9, ... (A1 -- 1) 2 py 
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where lis any positive integer and p, ts a number lying between 0 and 1 
which can be appro «mated to as closely as we please. 


(a) As illustrations, consider, *. sigi 


= 1 m p 
uet d {5 + pois j ^9 


where m is an integer: 


Therefore we have 


6 . To. mr 6 So Mm nq. -— 
5 sin $ ahat) Sr Sin = =0; 
whence m=2, 


Next suppose 


a ; : 
{ 55 * 5938 *533837 J => 


where & is any integer. 


So that we have by substitution in D («)=0, ze, 


6 . uel EE. kr 6? m, kr 
gom (Stow +3317) &g 5" ( is? 1347 
B ie 
pois ^P p=? 
whence k—1. E LL" 


Thus, up to the second approximation 


4, 2 
Pe—iyt duoc 


Hence, it follows, from above, that Pa can be — re to 
more and more closely. M 


(b) Let - be 8 root of D el =0, 


1 
5,9....(40-4-1 fe ! br) 
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Hence, we have by substitution in D (v)-—0 


B. di IA to smr )+. 
, 9... (44-1) | 9... (414-5) i 


n" 6!71 sin Tog mr ) 
59...48) (xi) FIFS) 
6! : mr 


“sair abe) 


Therefore, the above equation is approximately equivalent to 


1 


( Se 
50.145) ` resem) | Srt ] 


= e! mT 
5. (U5) 
whence we have 


m=? as a first approximation. 


$8 


ZEROS OF LERCH'S FUNCTION: 


^ eo 
L(a) = sU cos (a, Ta) 
0 se 


An 


11. Let po, Pis Pases Dui De & sequence of odd integers, not 
tending to a finite limit with n tending to infinity and let r7 1, then 
Lerch's function is given by 


Ile) = 3 7" cos (a, 7 2). 
n=0 b a, 
where a, denotes the product p, 9, p,...p.. 
It is clear that all odd integers can be classified under two 
heads :— 
(1) those given by 4m 3, 
(2) those given by 4m+1, 


where m may be any positive integer or zero, 
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We will therefore investigate zeros of the three types of func- 
tions as derived from the two classes of odd integers, t.e., 
. A where Pos p, Paare all of fhe form 4m--3, P. 


B where po, Pis ps...are all of the form 4m 4-1, 


C where some p’s are of the form fe and the others of the 
form 4m 4-1. . 


12. Lemma. 
‘ — Let -c, “denote m where 0< 6 < 3° 


r 


Then it is obvious 


that c, lies between 1 and E and ii is also clear "hat as 6, increases, 
€, diminishes, Further, for 6,z Ex 





“gs 4 
igs aa Broce ~ [Br 


because 





Crass Ay : 














1, 89/2 1 3/2 
S Ed =+ . 
2 Pom’ ; 2 Po Pi Pa 
Proof, :— a dc ' 
sin ea = 
1, 3/2 T 
z(i« E EN E ue 2)+ (i) - 
2" f, Pi [05 Ca E au. 
2 8s[2 
Bia cese OE ed 
Ec Wphch ut BILE 
Po PoP: PoPiPs 
eo uS E 
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Also 
dd (Aja 
L( t€ epe —'* gin 88/8 4 1" _ ain (30/2) 
9 PoPiPs Po PoP . Ps PoPiP2 
ree ri "(s Qt 
sin 37/2 » 
mtt Re Xo UE n v cc 
Po - PoP Pa — PoPiPa PoP i:PaPe_ 


Let k 5 stand for si 0, where 6, is the angle which appears with 7! 
1 7 





in the expression (1). : IR 70. P REM. > 


tL -rh EJEN 


Therefore the expression (1) = 
Papio: 7 "PoP xPs 


ri 7 
PUP:Ps PoPiPaPs —— 
(3712) {ko—r ky}J—r?_ r’ 
- ! | PofiPs PoPiPaPs 


> 


Now put r=1+a, where a is a small positive number. 


EE u } 2 1+2a-- 
Then the e ression (2) < k,—k,—kh —- LL —... 
aE e PaL ° 0 ^57 EP. 
———c0- — {neglecting a*, ete.,...) 
__ (8/2) fk —k is 1—(k,+2)a — 
PoP Ps 


20 < Q2) h} -1- (2) ` M 
SL PoPiPs ~- - - - oe Spee 
< 0, for (27/2) (1—5,) <1 (by Lemma). 


Thus it is proved that there is ig a root of of D(a) =0 between 


5 Bound gt 3/2 


2 Po Pr Pa 
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14. There is a zero of L(x) between 




















1 3/2 i- 3/2 
a E — = gt E . 
2 PoP1P sPs 2 PoPiPaPsPs 
Proofa— i 
~ . S9z]2 > 5 
1,. 3/2 )= PAPA O o Sm[2 y r gin 37/2 
- A Seles So M —— gin ———— Bin ——t— 
d À 2 PoPıPaPs . Po PoP: Pa Ps  PoPiPo Ps 
ee eee 
——————— Bin T — gin(r m ra 
PoPiPsPs PoP PaP Pa . 
sin Sem MEM 
m PrPsPs_ gin 37/2 gp 7* gin 97/2 
Po PoP Ps Ps PoP: Ps Ps 
qu p ur al 
PoP PaPa PoPiP2P sP 4 
3 r (37/2) |, 3r? + r? i: 
PoPiPsPs — PoP1PaPs PoPiPaPs PoPiPaPs 
TAA 8 
> 8(14- 73) —(87/2)r--r dus (1) 
PoP1PoPs 


N ow put y= 1+a, where e > 0, and small; 


Then the expression (1)= 3 (+a) — (87/2) (1+0) + (143a) +... 
PoP1PsPs 


PoP iP aPs 
>0. ae 
Also 
ee 32/2 ` 
ifs ME.) nc PPP PaL O 70 ain 372 
2  poPiPsPsP, Po Poi PsPsPs 


60 
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qot. dup tap o meri ve cai (37/2) 
PoPiPs PsP. PoPiPsPs Pa PoPiPaPsPs 





P Geis 
— Sin tT eee 
Pos 


n [2 ^ e ds 
P PiPsPsPa_ gin, BIB Oe? 80/2 
— 70 = Po Bobs" papapa > pre PaPa c 2 D 
» mE m 87/2 _ EE EN ek X8 
__PoPiPaPs -7 Pa PoPiPsPsp, 
(7/2) E, — kr E ri — Ert) rà i 


] PoP PaP Pa 5 pa ; 
(6; denoting the angle- appearing- with r'-above) 


_ (80/2) {gt kv? bar) 2 
PoPiP2PsPs - 


2Y1— ERU! 
< (32/2){(1+77)Q—rk, )}—r =a (3) 
A PoPiPaPspa— ML ute OS 
Now, in the above put 1+a for r, denis ais small and > 0. 
Therefore the expression (2). becomes. =. 


< (37/2) (21-2) (1k, — k2)) —1—4 . (neglecting a?, eto.,...) 
PoPiPsP sPa Z- i ] 


- 


< 9r) k, ksa) lta l m 
PoP1PaPoPs 7 Ae E SUE 


< 9rl1— tele —1—3r{2k, z1}. ata - (4) 
o PoPiPsPeP a ye, Ear ae) “OP 


But k, > 1— a (by Lemma). , 
Therefore, 3z(1—5,) < 1. 
Further, 2k, > 1. So 


Therefore the expression (4) < 0. m Dy M a F 
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Thus it is proved that there is a root of 


1 3/2 1 3/2° 
L (2)=0, between = + —/" and 1. 4+ ———* —. 
) : 2 PoPiPsPs. * 2 PoP1PsPsP, 


15. Generally there ts a root of L (a) =0 between 








Eg 3/2 anā: 1 -8/2 - see 
2 Po-Petar 2 Ti eParbs . 3 
Proof :— i FMS BLS 
bai) 
at Por ‘Pater 3 m " 
sin ET h 
e Pai PERILI L0 gin S cr Lb qt. = sin _ 5/2 -— 
Do PoP PaPater PoPiPs 7 Ps'*Ps ta 
t € ött 
Mu sim 97/2 _ d sin (37/2) 
PorPat Patt: PowPate1 ` 
à yatta sin( f ) 
+ +e 
e Po: Daten 
xu 37/2 Des = 
m Pa Paets o Y gin EUM TE 
Po PoP: PavesPs ti 
" pi. zm 87/2 P gite MILD 


Po**Pst Pete. Pot'*Patti ~ PorrPat+a 


= (8/2) {ig hrt art — ea or ertt y 
Po’ “Patti- E EIL a 


(0, denoting the angle appearing with v' above) 


> (92/2) (0, -,— br) rt ues rtt), ntt Q0 rtt 
Reese . Por-Pa tar 


> [reis rh!) - (Gn Bsr by can) opt prn) 


« (1) 
Pos Pate 
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Now, put 1+a for r, a > 0 and small. 
Then the expypasion (1) | z 


; T a 
x (14 4 Det Ie) LEA: 2) 
Pow Ps £41: om : = 





-thech eot DED 5 ee ard 


. PowPst4r- 


> M+ (82/2) kg ¢ ba(Qt+14+3nt)} mE T 
Poe Pati 


_ Ge] [s ha est (hy hye S) Dao] p 
Bo---Da t 


if “1+ (Bx/2)hy ,— (9[2)4(h, leat) R o 
i.e, if 4— (8«[2)(1— kaea) >0 


>0 


DRA if £z > 1—k, Pr Eas as quu: P E b i 


But this is so, as -can be easily verified remembering that 


kc. > Wa tg > 1 e, for eee. 











6(¢—1)? Sat 
Also PEE a. it i as WU | = 
id 32/2 ; 
z( 1 * WIL 2 a D Pee Potts _ T "gin erie Te 
2 PossPatta Po PoP, Ps. Pots 
rt di . 32/2 Es pos Ei 32/2 
Po--.Dat PaterPatta PosPatas Patta 
UE UT DE pret (8 /2) z 
sin T "a 9 
Po-Pat+s 


(87/2) {leg —heyr thr? — ee tret hg ert hg eg pot? 


Pow-Patte m E "o 





x = 


KO denoting the angle appearing with rt above) 
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— (32 /2{ky thar? +... +k, En Er H- Luo Her 5 eee) 726? 
Pa ta - 


. 
< Gr[2) (br ort hom ta ea Foe 4) 
Do Pato 2j 


Now put r=1+-0, where a>0 and small. 


Thus the expression (1) ^^. ^ - 


* « (97|2)[t-- 1-44 1).3] (1— ks 14. —h, 144. 2) 


PorwsPat+a = 
— 1+ (2+2) , (neglecting, a? ges eto.) 
PovPaténa = Z ——-— 
^ 


where (37/2)((4--D(1- hs) EDO, as) D —h, (41)o] 
i a Se a 
and DowPat n are equal to P “and Q respectively. — 
Therefore the ee, (à «0 z 
if (87/2) {64D (Ikat )} KI o 


2 





te, if, L— kati < Sz) 
a9 e 
se if hs i41 > 1— EEFI) 1 
2 


But P tvi > 1— for t > 0. 


-3(26-F 1)? ae GED; 


Hence * it is proved that there is a root of Le) =0, between l 


1gp 3/2 |mapa O 


2 Feel 7 PorsPa tis Í 





where ¢ may have any positive integral valne including zero, 


* The case t=0 has been considered in Art, 18. 
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We have treated r, in the preceding discussion, to .be just greater 
than 1; ib is needless ‘to add that it is much simpler to find zeros 
when r is sufficiently large, as has been shewn in the very beginning 
of this paper while discussing zeros of Darboux's functions, ghe 
r is taken to be 6. RE eg, : 


v Crass Bol. 0 — oe. Y. 


16. In this section, we will briefly consider the second type* of odd 
integers, 7.e., where the p's are all of the torus 4m, i where m 
may be any positive integer including ze Zero- ^ 7-77. a n 


P 
There is a zero of Lp (x) Teese: 


ro 
3 
































1 1| aly 8/2 f 
= and z- + ——_—__ , 
2 PoP 1: P 2 Pops Dk 
: xx 
Eia > br T 
“Proof : — : T 6L Ie 
* mT . m 
TE yatna ue Ken »: 
E Li yu hat, Re 
BY 2 — popup Po c -PoPa 
' ka BaT = xr 
o in TH 
Pow Pena Pi 
' »0. plrulee augur JW 
Also 
MUN ET dm gm e] y. 
Po. E Ds P 
= k-i ^ pr i | 
T Bn 3/2 TN oder e] 
PoePE. - Pr > Pow Pa 3 
sin 37/2 i zs m 
Pre Ph ob sur wo gin O72 -— =; 
= Po _-Po Pk- -Pa p Px - % 


* The function is here denoted by- Lp (2... | : - 
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(32/2) (Ltr tr? ken Eri 71) — r^ 
Po. Pa - 





(37/2) (5a UM 


since 7 >1+ 5. : is 


Thus it is proved that there is a root of L p (2) 220, between 


1 andy + 3/2 . 
k 





2 Pom Pr 
— m Ba me 


for every positive integral value of k, siovided r>il+ 5 
: Crass C. -> 
17. Here we will consider only one or two types of variation 
First, we consider the case * where py, Pas p,...p,, are all of the form 


4m+3 and p,, py...psa«, aré all of the form 4m. 1, where m may 


have any positive integral value. 


There ts a zero of Lo Ce) between 





Z4 3/2 and Lg Pet cos 
2 PoP 2 ` Do. asa $ 


where n may have any positive integral value 











Proof :— 
sin - 2 , 
alat Ss Je Dye Pan 4 ain 3a /2 
Lo, A8 Barl ~ Po F Poi Parr-Pan 
= Eg sin o» r$ a 37/2 
PoPiPs DBs...Dan  PoPiPsDs Par Pan 


7 "* The function in the present case is denoted by Lo, (2) 


4 
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ON co E LEM ORENSE ee 


PottPan-a Panzi Pan PésPasi Pan 


. is a 


+ < win()x/[2) 0 - | 




















Po Pan 
TA 32/2 . 
a € E] e 
= DEG + sin a LAUR ae “ain 2 [2 
pa Po PoP Do. Dan PoPiPs Ps... Pas " 
inr sin Saal T.e— fa std sin .o9v[2 
PoPiPsPs Daun Do: Pan-s Panni-Pan 
PE se x wg. t s 
7 Pose Pan- i Pan Pose Das 


= (82/2) {hy rk, —r*b, — e — rt" kana pt Vail 
Po. Pax 


yi^ 


PoresPan 








« a, (Len ert ee ir) oh, urn) - NA 


Pose 4n Din 


<0 l 2 C. ME 


Since, by putting r=1+4a, viue a is a small positive quantity, 
we find that xs 


Syn(1—k,,..,)—1« 0, 








Also i A - 
"(bs m) | 
Dg z+ Panag 
sin NC LL E l 
- PreeePanta + Z sin 3a /2 SE E ty __ 32/2 


Po PoP. B5. Dans PoPiPs Bo Da nta 
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E sin . 97/2 des e gn MEL MN 
PoP PPs D, Passes Po+Pan-a Panyo Pants 
um PAN sin 37/2 + pe m 82/2 





Posse Pan- PaneePanta Do Pan Panti Panta 


yanti eh 32/2 panes 





sin (87/2)—... 
Po Pa nti Pants Por--Pa nts ( 12) 
: 87/2 
Sin 
Pep luis " UE 3«[/2 r zin 3r/2 
Po PoP: Do... Dana PoPiPs Ds---Dauts 
— TEL dE sin 922 Lo SI. sin o9: 
PoPiPoPs Da Panta Po-+Pan PantiPants 
ab ^ 
BELT UE Aa ae 


Pow Pant Panta Pos- Panta 


> (Bx /2){l+r)(L+rt+ rt" kangi (lra rtt HH Evin72)] 
Do Disco 


pt n5 


demum memini Tos 
Pose- Panta 


> Sl pp (Hrt htnt t) (k na) rt kenna} 
Do Passa 
pe nee 4 
Do. Panta 
> 0. 


Since, by putting r=1+a, where a > 0 and small, we find after 
a little caleulation that 


— Ban] hg aa) FB Thy ng F1>0. 
Hence it is proved that there is a root of Lo (#)=0, between 
1 





MS s Pando eA. ; 
2 Pow Pan 2 Pore Panta 


for every positive integral value of n. 
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7 18. A second variation is the following case * where p, is of the 
form 4m 4-1 E ` 

Py aNd p,...... 4m+3, » 

| ERE 4m 41, 7 

p, and p,...... 4m-+3, 


and so on, . 


There is a zero of Lo (e) between — E 
2 


- 








1 3/2 1 3/2 
5 +t ——— „and5 ——— i 
2 PosesPa nti 2 ] Do Panos 
provided r > 15. - , 
Proof :— w 
: 3/2 . 
— sin — i" , 
Lo, (L4 EN. LSN e PoPa q -Z sin pues 
2 Powe Panar Po Pop, Ps..-Psni 
"I "E em Sar /2 T "TT a 
Pow Pan Panti Do-oPsn4i 
9/2 } PIEI 
= m 4 ko tkr kr? — kar? +hyrt—... Pm —.. 
Pos Psnti l xi í i S Pore Psnti 
< RR UCM [racer e era ear —k, hy} —. 
Pose Psnyı e 


« 0, for all values of r > 1. EMEN 
Also 


1 3/2 " 
L ($ Fe e 
0, 2 Po-Psnta ) 


= r2 f-t +kr— kr? —E 0? Ekart bg nga? e 
Do...Ps n+ . 


* The function is denoted by Lg, @. 
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ponte 3 


Im ned 
Po. Pants 


> eae lrL rS) el a eo Te mtt ° 
Do. Ds o2 r 


> 8z[— (r5 —3) -r(7?* —1) (ksng —7—7*) + ke 72 ** (75—1)] 
2r? "+e (78 —1) 


. Ud 
if, Sk, ur? R27?» (304-2) 3r, ie, ifr. 


Thus it is proved that there is a root of Lo (2)=0, between 
2 


28 S ala MES 
PoPrs Panta 2 BoP Pants 


1 
5 + 
provided r>1°5. 5 
It is to be noted, however, that r may have a lesser value, like 1:45, 
satisfying the above coudition, provided we commence the sequence of p’s 
from a bigger number, i.e., when 3zk,,,, approximates to 9'4 az least. 


CONOLUSION. 


19. Hitherto, our attention has been mainly directed to search out 
one single limiting point of zeros of non-differentiable functions. We 
will conclude this paper, with an investigation of some other limiting 
points, which are, however, finite in number, in the interval (0, 1). 


Ib is clear that the equation, 
D (x) =0, 
remains unaltered by one or the other of the following substitutions 
l4-, +a, $e, $a, 
Therefore 1, 2, 2, and £ are naturally limiting points of zeros of 


D (z) 

20. We know that the non-differentiable character of functions 
representable by infinite series, is unaffected, by the omission of a 
finite number of terms, from the respective series ; hence, let us 
consider the following non-differentiable function, 
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which is obtained by omitting the firs& term of the series for D(a). 
Here, again, we find that the equation, 


D,(2)—0, 


remains unchanged by the substitutions, 


1.. 1 1 4 0o E 
Be eg. Do gn Seem 
Therefore, 2 
2 l odl- M ; 
5 9 dees 5.9 sie 59 3 


are all limiting points of zeros of D, (a). : - 


Precisely, in the same manner, we can find out any number of 
limiting points, though finite, in the case of other non-differentiable 
functions, such as Darboux's cosine type, Lerch's function, Weierstrass’s 
function, etc., by leaving out a certain number of terms, from their 
respective series. fas OR 


o 
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On THE UNENUMERABLE ZEROS OF SINGE’S 
NoN-DIFFERENTIABLE FUNCTION 


By 
AVADHESH NARAYAN SINGH. 
(Lucknow University.) 
INTRODUOTION. 


1. Ina paper recently published in the Proceedings of the Benares 
Maihematical Society, Vol XI, Prof. G. Prasad has located zeros of 
Weierstrass’s non-differentiable function.* The zeros that have been 
found out by him form an enumerable set with the point x=-}, asa 
limiting point. The present investigation was suggested by Prof, 
Prasad’s work. 

The object of this paper is to study the zeros of a class of Non- 
differentiable functions defined by me in a paper published in the 
Annals of Mathematics, Vol. 28, (1927), pp. 472-76. As these func- 
tions are arithmetically defined, the location of the zeros presents little 
difficulty, It has been shown that,the set of the zeros of any of these 
functions 6(¢) possesses the following properties: 


(a) it is unenumerable; t 
(b) it is perfect ; 
(c) it has zero measure. 


It has been further pointed out that the roots of the equation 
6(-e, O0«c«1, 


form a set similar to the set of the zeros. 


+ Y= 5 a” cos (b"zw), subject to the condition a<i1,ab> 14m, (b an odd 
integer). 
t 
+ The function F(t)= J 9(t) dt does not possess proper maxima or minime 


o 
at the points where F’(t)=0, for the proper maxima or minima form an enumerable 
set. Cf. Hobson, Theory of Functions, Vol. I, (8rd ed.), p. 350. 
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DEFINITION OF THE CLASS or FUNCTIONS. 


2. Let b,,b,, b,,...b,, denote the m odd numbers 3, 5, 7,...(2m +1) 
respectively. Then any number in the interval (0, 1) can be re- 
presented as 





a a a a. 
Pa te a AS 5 Mc 
sap sy Sawa el) 
+ Oni a 





2m 
S557. (dm41) ' " * BUERSQQEmq319 5o 
where the a's are positive integers such that 
O<a, x b,—1, (n=l, 2, 3,...). 


Let the quantities ,, #25... tm be defined as follows: 





€ 
e, = Od) = Put Ge et I ; 
z, = 6,11) = fn e + 2s ae , 


Üm = 0, (t) = fms + - Cm, + mss 


(2m+1l) (2m+1)? (2m 4-1)? = 


Here the c’s are defined as below: 


01,1 — Sy Ci 
Go Fess Ean tango ean 
Cin = Pi (85 mor yer 
ay pay tds tO, +o tangi 
Cay, =P, (25); Case = P3 (Anta) ai: 
G1 t Os t ect Usi phit tam- tanapi tee tasmy 
Oui =P n (a4); Cm =P i (655... 
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where p? (a) denotes a or (2r—a) according as k is even or odd 
(rzzl, 2,...m). 2 


It can be easily proved that the set of the zeros of any of these 
functions, possesses the properties stated in the introduction. The 
method of proof is illustrated by the following example, in which we 
take m=2, and r=], 


Tae PARTICULAR CASE, m=2, r=1, 


3, Let any point ¢ in the interval (0, 1) be represented as 


i= 





2, dy a Qs p a 
s tast$sitgm 


where the a’s are positive integers such that 0 < a,, S 4and 0 L arny 
sS 2, (n=0, 1,2,...). 


Corresponding to ¢, let a number æ be défined as” 


a Ot) = Ot Se + st uc 


a 
where LAETA c,m P. (aeo 


Gata, + we + Gon 


Ons mE (05441), 7e. 


Tse Ser oF THE ZEROS. 


The set of the zeros S of (i) is defined by those numbers t, in (0, 1 
which are such that oy 
a, —0, and an+: —0 or 2 


according as ` . - Es = 
Bg ty Fere taan ^ B 


is even or odd, for when this is the case 


¢,=0 and ep is (a, 4) 0 
for all values of n, and, therefore, for all such values of t 


6 (t) =0, 
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It is easy to see that 


Go FG, Fut gn 
844125 at, a (222 1) lue Dd 


will be zero if, and only if, ? satisfies the conditions given above, 
otherwise c, will be either 1 or 2, Consequently it follows that 
S is the set of all the zeros of 0 (t). 


THE PROPERTIES OF THE SET OF THE ZEROS. 


4. We now proceed to prove that the set of the zeros S possesses 
the properties mentioned in the introduction. 


(a) S is unenumerable. To prove this it will be sufficient to 
show that the part set S,, defined as below, is unenumerable. 


Let the points ¢ of the set S,, have the following representation : 


ts 0 


gop t gage t gags te: 





0 : Gan etree 
aep tee 


where a, , —0, 2 or 4, (n=1, 2,...). 


It is easy to see that the set S, is contained in the set S. Further, 
as the different members of the seb S, are obtained by giving to the 
a,,8, one of the three values, 0, 2 or 4, the numbers t of S, can be 
placed into one-to-one correspondence with the numbers of the 
continuum expressed in the scale of 3. Thus S is unenumerable. 

(b) Sis‘perfect. To prove this we first show that S is-dense- 
in-itself, and then that it is closed. 


Let 


t= 9s gs an 
t= teh 5 tas + sr EI "s um xs Ba Te 
be an arbitrarily chosen point of S. It will now be shown that ¢ is 
a limiting point of S. 7 
The point ¢ must belong' to at least one of the following two 
classes, such that in the representation of ¢ either 


(¢) an infinite number of a,,'s are > 2, 


or (i) an infinite number of a,,’s are < 2, 
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If t belongs to class (7), the point 


20.5 as Wan Qant »1 
hat tggt' ties fgeip t 


which differs from E at the 2nth place only, will be a ae of the 
set S, if 


9,477044 —2. 
But 


<2) 920 
Lf ml = gangs 


tends to zero when tends to infinity, therefore, it is always possible 
to find a point ¢,, belonging to S, within any interval, how-so-ever 
small, enclosing 5, by taking n sufficiently large. Thus ¢ is a limiting 
point of S. 


1f ¢ belongs to class (77), the point 


s 4 peis y Font + 
8.5 893.5 " ' 8".b" " Brig i658 


is a point of S if 
a! , (a, +2), 


and, then reasoning as parois; we can prove that ¢ is a limiting point 


of S. 


Therefore, the set S is dense-in-ttself. 


That S is a closed set follows from the continuity of 6(¢), for if 
a point, be a limiting point of the zeros of 6(¢), 6(¢,) must be zero, 
so that t, ene to 8S. 


Thus the set s fs int 


(c) S haszero measure. In order to find the measure of S, we 
find the sum of the intervals complimentary to S. It'is easy to see 
that there is no point of S in the interval 
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whose length is 3. Then there are no points of S in the five intervals 


uo 4o OE Mie 3 Rid * 
875° 8.5 ' (8.5' 85 '3:.54 (3.5. $3.5 89.5" 


3 3 ae d Ps 
(ép ast ast ists» 


; : 2 2 
The sum of the leugths of these five intervals is 5. gik Tgn 
Then there are 5? intervals, ‘each of length a ; » which do not 





contain points of the set. The sum of these is 5? 


Gens =; and so on. 


Thus the sum of the intervals which do not contain points of the 
set S is SLM 


d. 9070 cde d ua ss = - 
2 tata teta + sme == 1. 


Therefore, the measure of S is aero. 
Tue Roots oF THE EQUATION Ó(i)-c. . 


5. Let the constant c have the following representation when ex- 
pressed in the scale of 3 : 


Then the a's in the represéntation of 





=z Oh qp 2e p od eS 
Our xu ge Epa Bagh M 


which corresponds to c, satisfy the following conditions : 


€ 705 


and if Catı e then 654,43 70 or 2 according as Gy a, Fee Fas. 
isvevei orodd, - ` 
or if 0,4, —2, then a,,4,=2 or 0 according as a4 +a, 4- ... 05. 


is even or odd, > 


or if 0,4, —1, then @,,4, =1, whatever az -Fa4-... taz, may be. 
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It is obvious that there are an infinite number of ta's, the a’s in 
whose representation satisfy the conditions given above. The points 
t. form a set S,, which is the set of the roots of 6(é;=c, and which 
we now propose to study. j | 

(a) S, ts unenumerable. The unenumer ability of S, can be proved j 
by a method similar to the one employed for proving the unenumerabi- 
lity of the set of the zeros. It also follows from the fact that S, is a 
perfect set. This we prove below. 


(b). S, is perfect. Let EM LL 








be a root of the ane p = c. 
Then, the point 


— & Gin LAM Gantt 
Ve Os z + $5 + aoe + d*5* T geni 4 eee 
which differs from ¢, at the 2nth place only, is also a root: of 
Olé) = c, if . , i 


aaa 0 0,4 —2, 
and therefore, as in $4 (b), it follows that, is a limiting point of 
the seb S.. Thus the set S, is dense-in-tiself. š "4 
That the set S, is closed follows from the continuity of 0(:). 
Therefore, the set S, is perfect, 
(c) S. has zero measure. f 


In the popra of c, if c, =0, then there are 2 intervals, t 


i ^3) and (51) 


in each- of which -there- is no point of S. ; if m 1, then there are 
Le: ^V interyels a — é 


ae RA dim -> X63) and 34 B va is Tr. ee 


in each of which there is no point of S, ; and similarly if e, zz, 
' we find that there are 2 intervals 
{0,3} and [$$] 


in each of which there is no point of S.. 
We thus find that, whatever c, may be, there. are 2 intersolss each 
of length 3, which do not contain points of 8,. EE 
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Again, whatever c, and c, may be, we fiad that there are 2.5 


intervals,* each of length E , which do not contain points of $,, and 


33.5 
similarly, whatever c,,¢, and c, may be, there are 2.5° intervals, each 
of length ae: , which do not contain points of S,, and so on. 


Thus the sum of the intervals that do not contain pointsof &, is 


2 2 2 
3 + n t 3s Tee 


And, therefore, S, has zero measure. 


We have thus shown that the roots of the equation O(t) =c, form a 
seb S, which is in all respects similar to the set of the zeros of (7). 


In my paper “On Infinite Derivates" published in this Bulletin, Vol. 
16, pp. 79, Ihave given an example of a continuous function f(z) 
whose zeros form a set of positive measure,t The function f(x) 
is, however, not non-differentiable. The method of construction 
employed by me can be easily modified to give an example of a non- 
differentiable function f(z) whose zeros form a set of positive measure. 
Thus the zeros of a continuous non-differentiable function may form a set 
of positive measure. 


* For example, if c, —1 and o,=0, the 2,6 intervals are : 


E xor odd P2] gp ae We ora Oe box 
DOS 8:5 3 36$ (8 36°83 3.6 355 





t The zeros of Volterra’s example of a continuous function [whose derivative, 
though bounded, is not integrable (R)] also from a set of positive measure. Giorn. di 
Battaglini, Vol, XIX, p. 885) ; cf. Hobson, Theory of Functions, etc., Vol, I (ard ed.), 
p. 490. 

Bull. Cal. Math. Soc., Vol. XXII, No. 2 and 3, (1980). 
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Dip tHe BABYLONIANS AND THE MAYAS OF CENTRAL 
AMERICA POSSESS PLACE-VALUE ARITHMETICAL 


NOTATIONS ? 


BY 
SARADAKANTA GANGULI (Outtack). 


We are told that the Babylonians and the Mayas of Central America 
had had systems of arithmetical notation depending on the principle of 
place-value before the modern place-value decimal notation was invented 
by the Hindus. The Babylonians are said to have hada sexagesimal 
system in which the main unit was 60 and the unit 10 occupied a sub- 
ordinate place. The Mayas are said to have had a vigesimal system. 

Regarding the Babylonian sexagesimal system Prof. T. E. Peet 
writes: * “ In a system with a main unit 60 and a subsidiary unit 10 
we should have to represent each portion by two digits, thus 32.12.43 
would stand for (32 x 60*) plus (12 x 60) plus (43 x 1), or 115, 963, This 
is precisely what the Sumerians (7.e., a section of the Babylonians) did, 
and it was here that their secondary unit 10 served them in such good 
stead. In the mathematical tablets two signs alone are used in this 
notation, the sign for 1 and the sign for 10. The number above referred 
to would be as follows :—three tens arid two units; aten and two units; 
four tens and three units : the fact that the first group is to be multiplied 
by 60°, the second by 60, and the last by 1 is taken for granted, just as 
the multiplication of 3, 6 and 5 by 100, 10 and 1 Teepeokiyely isin our 
decimal notation for 365." 

Prof. Peet then adds: The system was still further perfected 
by the use of a sign for zero in cases where the middle term was 
missing, eg, in 12.0.38 which stood for (I2 x 60*) plus (0x60) plus 
(33x1). Here we have all the elements of positional notation with 
one exception: there was nothing to correspond to our decimal point, 
* * * When, however, the Sumerian wrote 12.25.33 he had no means 
of showing whether the lowest unit, that to be multiplied by 33 was 
3600, 60, 1, a or some other sexagesimal unit. All that was fixed 


* The Rhind Mathematical Papyrus, 1928, p. 98. 
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was that whatever the lowest of these units (to be multiplied by 33) 
was, the next (to be multiplied by 25) was 60 times greater, and the 
highest (to be multiplied by 12) 3Q00 times as great." 

Dr. Florian Cajori writes:* ‘Perhaps five or six centuries + 
before the Hindus gave a systematic exposition of their decimal number 
system with its zero and principle of local value, the Maya in the 
flatlands ‘of Central America had evolved systematically a vigesimal 
number system employing a zero and the principle of local value. In the 
Maya number system found in the codices the ratio of increase 
of successive units was not 10, as incthe Hindu system; it was 20 in all 
positions except the third. That is, 20 units of the lowest order (kins, 
or days) make one unit of the next higher order (utnals, or 20 days), 
18 uinals make one unit of the third order (tun, or 860 days), 20 tuns 
make one unit of the fourth order (katun, or 7200 days), 20 katuns make 
one unit of the fifth order (cycle, or 144,000 days) and finally 20 re 
make 1 great cycle of 2,880,000 days,” 

In spite of the above statements having been made by aori 
authorities on the history of mathematics the present writer finds it 
difficult to accept them unreservedly for the following reasons : 

(1) Both the Babyloyians ł and the Mayas § had previously decimal 
systems of notation which they are said.to have suP&equently given up. 
But the rest of the world does not supply us with another instance of 
a people who have abandoned a decimal system of notation in favour 
of a natural or unnatural system, although there are instances of 
peoples who have adopted decimal systems of notation in supersession 
of the previously existing other natural systems.{ 

(2) Notation follows and does not precede numeration. The scale. 
of notation is, therefore, the scale of numeration. Previous employ- 
ment of decimal systems of notation by the Babylonians and the Mayas 


* A History of Mathematics, 1922, p. 69. . 

+ This, interval should be ‘one or two centuries.’ For, the Hindus gave an 
exposition of the modern decimal notation towards the end of the 5th century A. D., 
and not in the 9th century as supposed by Dr. Cajori. For Aryabhaja’s exposition 
of the modern notation the reader is referred to the present writer's article “The 
elder Aryabhata and the modern arithmetical notation " published in the American 
Mathematical Monthly for October, 1927. . 

t Sir Thomas Heath, A History of Greek Mathematies, Vol--I, p. 28 : Dr. F. 
out A History of Mathematics (1922), p. 4. 

: § Cajori, 4 History of Mathematics (1922), p. 69. 

*| Peacock, Arithmetic in the Encyclopedia of Pure Mathematics (1847), pp. 
871 and 885, 
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prove that they had a decimal scale of numeration and that their 
numerical language was adapted to. that scale. Once the numerical 
language is-fixed, any alteration in the scale of notation is attended 
with tremendous difficulties except in thé case of small numbers which 
. do not require the use of new units of the third or higher order. 
Although we are familiar with sexagesimal units, we find it extremely 
"difficult to form any idea of the number 5.49.37 (expressed in the 
sexagesimal scale) without first expressing it in our decimal scale. But 
we can easily form an idea of a period of 5 hours 49 minutes 37 seconds, 
though, when the same period is stated as 1082977 seconds, we cannot 
make an idea of it without first reducing it to sexagesimal units of time. 
In the case of numbers our language is adapted to the decimal scale ; 
hence, numbers expressed in any other scale present difficulties. In the 
case of time our language is adapted to the sexagesimal scale; hence, 
time, even when expressed in our familiar decimal scale, can make 
no impression on us. How could the Babylonians and the Mayas, with 
numerical languages adapted to the previously existing decimal scale, 
easily understand and use numbers expressed in a different scale? In 
order to adopt a new scale of notation did they abandon their old 
numerical languages? Can we understand the people to have acquiesced 
in a change that must have resulted in sa much confusion and incon-. 
venience to them? Does the rest of the world supply another instance 
of such a change in numerical language ? 

(3) The sexagesimal system of notation is not a natural one, Why 
then did the Babylonians almost abandon a natural system of notation 
(namely, the decimal system) in favour of an unnatural one? . Sir 
Thomas Heath presumes* that the Babylonian authors of the supposed 
sexagesimal system were fully alive to the convenience of 60 as a, base. 
with so many divisors, combining as it does the advantages of 12 and 10. 
With due deference to the opinion of Sir Thomas Heath the present. 
writer begs to differ from him. For, the perception of the advantages 
of the sexagesimal system of notation presupposes an advanced state of. 
arithmetical knowledge which the Babylonians did not certainly possess, 
at that time. A people who could not perceive the necessity, of indi- 
cating the order of the sexagesimal unit by which the lowest term of a 
number expressed in their alleged notation is to be multiplied, can 
hardly be credited with an advanced state of arithmetical knowledge, 
The mathematicians of modern times are not less alive to the advan- 
tages of the sexagesimal or duodecimal system of notation. Yet they 


* A Histroy of Greek Mathematics, Vol. I, p. 29, 
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liavé not abandoned the decimal system of notation < or given it a ‘ sub- 
ordinate place in their ealeulaiious. 

` Dr. Cajori’s account of the „Maya number system, quoted ‘above, is 
sufficient to show that the object of the system was not to sipersede the 
existing decimal system of notation by a vigesimal one but probably to 
coin units of time, as indicated by the terms, kin (day), winal (20 days) e 
tun (360 days), katun (7200 days), eic. If the Maya vigesimal system 
were a system of arithmetical notation, the ratio of inerease of suc- 
eéssive units would be 20 throughout and not 18 in the third position. 
The Maya probably reckoned 360 days to the year and was, therefore, 
obliged to introduce a unit of time which was 18 times as great as the 
riext lower unit. ; 

(4) We also use sexagesimal units in expressing short intervals of 
time, eg., 5 hours 0 minutes 45 seconds or hours 5.0.45. We also use 
a ‘vigesimal unit in expressing a sum of money in English coins, e. g» 
5 pounds 0 shillings or £5. 0. Bnt we cannot, thérefore, claim that 
besides our decimal system of notation we also use sexagesimal and 
vigesimal systems of notation depénding on the principle of local value 
and the employment of zero. Did not the Babylonians and the Mayas 
respectively use the sexagesimal and the vigesimal units exaetly in the 
såme way as we ourselves use similar units ? 

--(5) “Peacock holds that “the ‘natural scales of notation alone have 
ever met with generaladoption."* He has also given his. reasons for 
thinking that “the preference shown amongst Scandinavian nations 
for the number twelve, and its very general use in the division of concrete 
numbers, furnish no sufficient ground for considering it as having been 
used as the radix of a scale of notation, however nearly in some respects 
it may have approximated to it.’’+ - Are not the Babylonian use of the 
number sirty and the Maya use of the number twenty similar to the use 
of the number twelve amongst the Scandinavian nations? - 

From the above considerations the present writer thinks that the 
Tables of Senkereh and the Maya codices which are supposed to bear 
testimony to the alleged employment of the sexagesimal and vigesimal 
systems of notation by the Babylonians and the Mayas respectively | 
should be re-studied and re-interpreted. 


* The Encyclopedia of Pure Mathematics (1847), p, 871. 
* ` + Ibid, ps 399. 
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À .L 5 
On tae LIMITING POINTS oF THE ZEROS OF A 
NoN-DIFFERENTIABLE FUNCTION FIRST GIVEN BY DINI 


BY 
. BHOLANATH MUKHOPADHYAY 
(Calcutta). 


The publication of Prof. G. Prasad's remarkable paper * on the 
zeros of Weierstrass’s non-differentiable function has naturally led 
mathematicians to study the zeros of different types of non-differenti- 
able functions. i 

The object of the present paper is chiefly to ascertain whether in 
a finite interval, say, (0, 1) there is any limiting point of the zeros 
of the non-differentiable function 


oo n 
F(c) = = sin (16 2) 
1 2 





and as also of the general non-differentiable function 


oo 
f(a) = Xa*sinb'ss 
1 


where 0<a<1 and b is an even integer and ab > 1+ T. 


The results obtained by me are all new.. 


§ 1. 


l. It easily follows that 


Hence, is (p 0, 1, 2,. ....15, 16) gives roots of F (:)—0. 


* Proceedings of the Benares Math, Society, Vol. XI, pp. 1-8. l 
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1 1... T d n T 1 cc 
9. — era ees is I s dag Lm. 
(a) P ( ) z sin i63 ts sin 155-5 T gear Bin T 


* 
(k being any positive integer greater than one). 


Therefore F Gk )>0, for every positive integral value of k 


greater than one. 











(b) Again, 
(k being any. positive integer). E 
Now, = sin. E + 1 sin ala M eas + jio lB 
= = [ sin Sai? + 2 sin n aae H 257? sin S ] 


= pi | sina +2sin $y 42: sin yga dosis T 





€ ger [et 8 GEO rugs | 
< gy [14E + pte NET 
[1 T dod T up to oo 
gs ] 
ERU. 
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Therefore F (38 3/2 E « 0, for every positive integral value of k. 


(c) Hence, it follows that there is “at least one root ‘of F (3)=0 
in each of the intervals 


e Ah Gu d) Gr s) 
16: '163 P \ 165 ' 163 ié*'1i6* J'Y 


and also in each of the intervals. _. 


(GR us MGE )- ( ise ie 
63 162 16+ Ta 1651 der pm 


(k being any positive integer greater than one). 

Thus, 0 is a limiting point of a set of zeros of F (a). 

8. The roots of F (z) —0, lying in the. first set of intervals, given 
above, may be conveniently represented by the general expression 


1 1,\ 
= LÀ 
w(t *s ) 


where 2 «A« A and k is any positive integer greater than one. 


Proof : . 2 


Any root lying between i and i 


< is represented by 


1 + 1), where 0 <A « 1. 


d ES 
16* 9  16*" 


Now ib can be easily proved that 
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and as shown below, 


. and 


E 


1 
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1 5 
«XA Tu 
g*^*g 
° l i lol 1 17 
For, 16* (1 tg "8 ) -= 16* + i6 ie H 
1 5 mM 5. 921 
and, 16* (1 tatg J= 16* T jee =. 165" : 


F (sgn) >0.fork>1 
F(im. ) <0 fork > 1 


sin 17r put si 17s 


ELA 41 gp [T 
16* 93 n 165i +. + a sin 





=; sin D + 3 sin n + Ma gia sin IT -5 sin 1 
Now, 1 sin JT +5 sin e Tul 3r. sin n 
a kDa 07] 
e fie gh] 
i.e. Tana pal " 
And, z in ig «dq < 
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17 1 -L-? 1 r , 
ix Pec (I> uj ege 
zd d La 
~ 9" 167 i ga) 22} 
d: _ 34 ; 
T gr i63 i = a 
> O,ifk > 1. = 





Thus itis proved that F ( A ) 20, for k > 1. 


(5) 
21 1 PAR 1 21v 21r 
i ger ) 5 16; + ga Sin 16 + + Ji sin ET. 
= 3 sin 2lr + E sin 21 + + E sin 21z 1 : br 
2 16* 93 1643 e gr-i 16; “ar Sin 16 
1. 2ly Q 1 2 Ole 21 
Now, 3 sin ly + gs" inia Ted gi; sin is 
1 217 1 Qin .1 ale 
*3" 16r * ge jee + ger igi 





AE AOA g Tg gi- 
seq [lt b+ E+ up toco | 
ie. 2 EN D 
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° tery > su : 
Bat, gs LAS 
Therefore F e ) <0. 


Similarly, the roots of F(+)=0 lying in the second set of intervals, 
given in Art. 2, may be represented by the general expression . 


E (ret) 


Iei 


where 0 <1 and k is any positive integer greater than ore. 
It is also clear that both X and u can be approximated to as, closely 


as we please. 


§ 2. 


4 Now, I proceed to prove the existence of some other limiting 


points. 
2 1 i 1 : T 1 H T . T 
2 ( 16^ 16 )- g 5 qgizi t p I agra ton tara 9 ie 





>0, as in Art. 2 (a) - 


(k being any positive integer greater than one) 
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e 
2,3/2 Y. "P 
Therefore F (5+ a ) « 0, as in Att. 2 (b). 
Similavly, it can be shewn that 


"m 
rài + m)? . 


3/2 
¥ (T+ + ig J>“ or 
where m is any positive even integer less than sixteen and k is any 
positive integer greater than one ~ — d 


Hence, it follows that there are roots of FG )=0 in any arbitary 


neighbourhood of each of the points a" being any positive even 


r 


integer less than 16). 

















11815383 7 
Therefore œ> 53554 RG? 8 
are limiting points of thetsets of zeros of F(x). : 
9. Again, 
1 1 ain l. r - S 
= (at 16* 16? i )-- Bra tas Bn 16475 Yee tgrz sin de 
= li. km? ot T TP 7 
= gea [si TL To ne T2 sin Ig ] sin gts 


The above expression within brackets 


^ 





-3 a a : 
N =sina + UE t Tod 3 sin qois 
( where a= ig 
2 2 a. 3.2 a 
= Sos DESI quoe e 
m aber z' I 
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> Bafa Qe) G] 
> : A A f1-(4 E l 
T {-(4 E } 


Now, sin ET < ign 


1 
Therefore, F (4+ Ter a) 20 = 


; 1 1 1 V: 
if, zard 1-(4) l pn 


e.s if 8471 > 28, 


which is true for any positive integral value of k greater than 2. 











1 
Therefore r(t + dh) 0, for k>2. 
Also, 
1 3/2 \_ 1 87/2. 1 97/3 
r (it 16* )= pa (gri Pye" igre t 
- 3/2 1 
+ gia 8 745. — 
Now, it has been shewn in Art. 2(b) that 
37/2 1 32/2. l = 39z[2 1 
[i sin agr- Fore 16371 Te. tai sin 16 "m 





is negative, therefore 


s 
r (fg + Ie) <e : 
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Also it easily follows that 


1 1 . 
F(i-i)«o fofe>as 
1 3/2|.. " 
and F (x i re ; 


Similarly, it.can be shewn that 


where q is any positive odd integer less than 16 and k is any positive 
integer greater than 2. 
` Hence, it follows that there are roots of F(x)=0 in every neigh- 


bourhood, however small; of each of the points given by is where q is 


& positive odd integer less than 16. 


Therefore, LS au AE E are limiting poiuts of the 


sets of zeros of F(x). 
6. Also, it easily follows that 





1 --|i E T 1. T 
7 (1-19 )= y 9" m gs 9 m te 
- LE "HN 
tjr 9" 18 


1 
Therefore »(1- I6 ) < 0. 
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Again, F (1—2£ d = — E sin 27/2 





+} sin ol a 
16*- 1 tgs 16*-3 
. 1 37/2 1 
Zr SEE xdi 


Therefore F (1- af ) >0 


(See Art. 2(b) 


Hence, 1 is also a limiting point.of a set of zeros of F(z) 


$3. 
7. The limiting points of tHe “zeros” “of "ihe function 


- 


flz)= X" sin (b"«*) can also be investigated iri the same way as in 


the case of the function F(:). 


f(2) =a sin breta’ sin brna 4-0? sin brae neve 


f(r) sin i +a sins t+ + 




















k= n T 
sin i 
` Therefore f ( 5) > 0, fork > 1. 
Pu 
NEN : SCIES : e 32/2 
LT sin bET e ie Ta 7, sin p a 
Now, 
i pak sin = lie a? sin et TT -Fa^^* sin 87/2 
—g^| si 37/2 + 1 sin 87/2 + - sin ed Ferse 
b a b* 
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ghi [sns 1 sin + Sti sin Gt. Has Sin py | 


( where a= 2/2 


k—1 a 
me [5 ip epit: aes | 


correre 


k- 1 
< a* a feitt, Tess up to e] 


< a*7!,a., ME UE 








conk 97 I 
=a fi Tul 


(ab—1) => 
ve [bcm ai 5] 


= positive, since ab > 1447 


Therefore f ( á ) « 0. 


Thus, there are roots of f(v) z0 in every neighbour-hood, however 


small, on the right of O. 
Hence, 0 is a limiting point (on the right) of the zeros of f(e) 
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p X 
8. f ( 7 )=0, where p=0, 1,-2, 3,...5—1, b. 


And, it can be shewn precisely in the same manner as it has been 


done in the case of F(r), that each ofthe points given by 5 . 


(p=0, 1, 2,...5—1, b), isa limiting point of a set of zeros of f(x). 


My best thanks are due to Prof, Ganesh Prasad for his en- 
couragement and interest. : 
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* ARYABHATA'S Lost Work ” 
BY 
PRoBODHCHANDRA SENGUPTA. 
(Calcutta) 


l. In his Brahmasphuta Siddhanta, Chapter XI, 5, Brahmagupta 
speaks of Aryabhata’s two works in the following way :— 

* As in both the works the number of sun’s revolutions is spoken 
of as 4320000, their planetary cycle is clear, z.e., of 4320000 years 
Why then is there a difference of 300 civil days in the same cycle of 
the two books? " 

Again in stanza 12 of the same chapter he says— 

“In 14400 years elapsed of the Mahayuga (4320000 years), there 
is produced a difference of one day in counting first from. the midnight 
and then from the sunrise."' 

In explanation of the last stanza M. M. Sudhakara Dvivedi, most 
probably on the authority of Chaturveda* the commentator writes 
28 follows :— 

‘Two works were written by Aryabhata. In one the number 
of civil days in a Mahayuga was given as 1577917500 and the 
creation of the world spoken of as finished at sunrise at Lanka ; in 
the other work the number of civil days in a Mahayuga was given to 
be 1577917800 and the creation as finished at midnight. In both 
the works the number of years in a yuga was the same, viz., 4320000." 

Varahamihira in his Pancha Siddhantika XV, 20 writes :— 

* Aryabhata maintains that the beginning of the day is to be 
reckoned from midnight at Lanka; and:the same teacher again says 
that the day begins from sunrise at Lanka." 


2. One of these books is undoubtedly. the Aryabhatéyam, which 
was firsb edited with the commentary of Paraz.eswara by Dr. Kern. 
A translation into English of this work by the writer of this paper has 
already appeared in the Calcutta University Journal of Letters, Vol. 
XVI. The second work has not been discovered yet. At present we 


* He lived about 878 of the Christian era, 
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have t three works which treat of Aryabhata’s system of astronomy : — 

(1) The Aryabhatiyam (499 A.D.). 

(2) The Khandakhadyaka of Brahmagupta (665 A.D.). 

(8) The Sishyadhibriddhida of Lalla. ` 

As Lalla wrote a commentary on the Khandakhadyaka, he un- 
doubtedly flourished after Brahmagupta, The Khandakhadyala with 
Amraj's commentary has been edited by Pandit Babua Misra and 
published by the Calcutta University. In the present paper are set 
forth the results of my study of this work of Brahmagupta in which 
he constructed a much simpler system of astronomical methods which would 
lead to the same results as those obtained from the work of Aryabhata. 
I have no hesitation in saying’ that the astronomical elements used 
in this work were mostly taken without any alterations from the lost 
work of Aryabhata. In this book also the beginning of the astronomical 
day is placed at midnight and the number of civil days in a Mahayuga 
used, is 1577917800. The various astronomical elements of this work 
are mostly identical with those given in the Surya-Siddhanta of 
Varahamihira, but they are in many cases different from those of the 
Ary abhatiyam. These are exhibited in the following tabular form :— 


8. The Results in a tabular form : — 
(1) Planetary revolutions in a Mahayuga af 4820000 years. 











a : According to According to 
According to According to ‘ 8 
Aryabhati- Khanda- id ME t x the Modetn 
am. khadyaka, siddhanta o _ Surya. 
y Varaha. siddhanta, 
Of Moon 57753886 | ' 67768886 à "| 67763896 57753886 
„ Sun 4820000 4820000 4820000 4820700 
„n Mars 2296824 2206824 2296824 2296832 
„ Jupiter 864224 864990 - 364220 - 364220 
, Saturn 146564 ' 146564 ' 146564 146568 
^ sah 488219 488919 . 483219 488208 . 
, Venus ^ 1022388 1022388 7022888 7022876 
, Mercury 17987020 17987000 17937000 17937060 
^ or 239996 282925 232226 292298 





The Mahasiddhanta also professes to describe Aryabhata's system, and is 
written by an Aryabhata who according to my impression, must have lived after 
Bhaskara. i 
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(2) Longitudes of the apogees of the orbits of planets. 





ee 


of 


According to 


According to 


According to 
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According to the 





> Khanga- Suryasiddhanta Modern 
Argabhatiyam, khadyaka. of Varaha. —|Suryasiddhanta. 
Sun 78° 80° E 80° 97°17 
Mercury 310° 220° 220° &e. have to be 
calculated from 
Venus 90° 80° 80° the data given 
š in the text. 
Mars 118° - 110° 110° 
Jupiter 180° - 160° 160° 
Saturn -- -— -286° --—- 240% 240° — ~ 











(8) Dimensions of the epicycles of apsis. 





of 


Sun 
Moon 
Mercury 
Venue 
Mars 
Jupiter 
Satarn 


- According to 
Aryabhatiyam, 


18°30’ 
. 81*80' 
221* to 811* 
9° to 18° 
63° to 81° 





814° to 363° 
403° to 583° 


According to 
Khanda- 
khadyaka, 


60° 





According to 


According to the 





Suryasiddhanta Modern 
of Varaha. |Suryasiddhanta, 
14° 184° to 14° 
31° Dr to 82° 
28° 28° to 80° 
14° 11° to 12° 
70° 72° to 75° 
82” 32° to 33° 
60° 48° to 49° 





(4) Dimensions of the Sighra epicycles (i.e., of conjunctions). 





Of Saturn 


Jupiter 
Mars 
Venus 


Mercury 


9 





According to 
Aryabhatiyam. 


' 863^ to 40* 
en to 72° 
9293* to 383^ 
256}° to 2653" 
1803° to 139° 


According. to 
, Khanda- 
khadyaka, 


According to 


According to the 





Suryasiddhanta Modern 
of Varaha,  |Surgasiddhanta. 
40* 39° to 40° 
72° _ 10° to 72° 
234° 282° to 285° 
260° 260° to 262° 
182° 





182° to 183° 
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(5) Longitudes of the nodes of the orbits of planets. 











According io According to [According to the 
pope Khanda- Suryasiddhanta Modern 
yam. khadyaka. of Varaha., |Suryasiddhanta, 
Of Mars 40° 40° Not stated in | Have to be 
tbe text. ealculated 
» Mercury 20° 20° from the data 
` of the text. 
» Jupiter 80° 80° 
», Venus 60° 60° 
» ` Saturn 100° 100° 


(6) Orbital inclinations (Geocentric) to the ecliptic. 








According to | According to 





Aryabhatiyam, Khanda- 
khadgakc. 
Of Mars 90' 90' 
» Mercury 120' 120’ 
" Jupiter 60’ 60! 
» Venus 120’ 120’ 
» Saturn 120’ 120’ 
(7) Number of 1577917500 1577917800 
civil days in a 
Mahaguga of 
4820000 years. 
(8) Beginning Sunrise at Midnight at 
of the astronomi- Lanka, Lanka. 


cal day. 








According to 
Suryasiddhanta 
of Varsha. 


10’ 
186 
101’ 
101’ 
139’ 


1677917800 


Midnight at 
Lanka, 


According to the 
Modern 
Suryasiddhanta, 


90' 
190' 
60° 
120’ 
100’ 


1577917828 





Midnight at 
Lanka. 





Between the Khandaknadyaka and the Suryasiddhanta of Varaha 
there is thus agreement in at least 28 or 29 principal elements which 
are all essential for the calculation of longitudes of planets, and 
disagreement in only 5 minor elements. Between the Khandakhadyaka 
and the Aryabhatiyam there is agroement in 16 elements only, while 
between the two Suryasiddhantas agreement is only in 3 or 4 elementa. 

4. Methods of getting at the figures :— 

The section (1) of the planetary revolutions used in the Khanda- 
khadyaka has been deduced from the rules for finding the mean longi- 
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tudes of planets, as they are nob directly stated. The longitudes of apo- 
gees and the dimensions of the epicycles of apsis are direotly stated. 
The dimensions of the sighra epicyéies have been deduced from the 
tables of sighra equations for different values of the szghra anomaly. The 
following are the illustrations. 

8004 
292207 
revolutions; from which it is seen that the sun’s revolutions are 


4320000 (i.e. 2800 x 5400 (in 1577917800 (i.e.,5400 x 292207) days. - 


(1) The sun’s mean longitude in A days is given to be = 


(2) The moon's mean longitude in A days is given to be = 6004. 
: 16398 
revolutions — A. minufes ; this was equated to ae tA and e 
4929 i 1577917800’ ° 


worked out to be 57753386. 


(3) Mars’ table of sighra equations for different angles of sighra 
anomalys is given as follows : — 


(7) (it) (m) : (10) 


Sighra anomaly = 28* 60* 90* 121° 135° etc. 
Corresponding 


sighra Equation = 11° 23° 33° 40° 40°30’ etc, 


First the sighra periphery was deduced from the sets (7), (46), (ZU) 
and (iv); the values were 284° 91, 283°°78, 233978 and 234°52; the 
mean value of the periphery was found to be 234°-23. 

Again taking 234° to the value of the sighra periphery, the corres- 
ponding equations for 28°, 60° and 90° of sighra anomaly were worked 
out and the résults were as follows : — 








Stighra anomaly = 98* 60* 90* 
Corresponding S:ighrd Equation- 10°58" 23^1' 38°15 





I mustsay here in justice to the Sanskrit commentator Amraj 
that he has in almost all cases been able to give from the proper 
authorities, the appropriate values of the various elements. It seems 
now clear that the essentials of the lost work of Aryabhata are to be 
found from the Khandakhadyaka of Brahmagupta. So candid is the 
author that he either states directly or it may be easily inferred, where 
he differs from Aryabhata. 
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5. The Khandakhadyaka and the Suryasiddnanta of Varahamihira, 


The striking similarity in the astronomical elements of these two 
works in certain respects was noticed by Dr. Thibaut in his introduc- 
tion to the Panchasiddhantika, pp. xix and xx. I have shown above 
that they agree on all important points. In the light of the present 
paper we are perhaps to take cum grano salis Vuraha’s following remarks 
about the five siddhantas he summarises: — "The Siddhanta made by 
Paulisha is accurate; near to it stands the Siddhanta proclaimed by 
Romaka ; more accurate is the Savitra ; the remaining-ones are far 
from the truth.” We are perhaps to understand by the Savitra being 
more accurate that it was made more accurate by Varaha himself by 
borrowing the astronomical elements from Aryabhata. Any one who 
looks critically through the second chapter of the modern Surya- 
siddhanta recognises two distinct planetary theories. The first is 
undoubtedly the older theory ; the second the epicyclic theory ; and 
I feel strongly in favour of the hypothesis formulated perhaps for 
the first time that the genuine old Suryasiddhanta had nothing of the 
epicyclic theory in it. It is an interpolation in the modern book—it 
was an interpotation by Varahamihira in the older work. 


Bull. Cal. Math. Soc.; Vol. XXII, Nos. 2 and 8.-(1980). . 


Tor EvECTION AND THE VARIATION OF THE MOON IN 
HINDU ASTRONOMY 


T eed M 


DHIRENDRANATH MUKHOPADHYAYA 


(Daulatpur) ` 


The ancient Hindus and Greeks were aware of the Equation of 
centre of the moon. Ptolemy (A.D. 140) is credited with having 
discovered one of the largest and the most important inequality of 
the moon known as the Evection. This was the only perturbation . 
known to the Greeks. As this perturbation may affect the time of an 
eclipse by about 6 hours, it was the first to attract the attention of 
the ancient astronomers. The other large inequality known by the 
name of the Variation was unknown to the Greek astronomers. 
As this inequality becomes zero at the full and new moon and there- 
fore does not affect the time of an eclipse, so it was missed by the 
Greeks. Some writers suppose that it was possibly discovered by 
an Arabian astronomer, Aboul Wefa in 975 A.D. and lost sight of 
until Tycho Brahe in A.D. 1580 detected this for the first time in 
Europe. : x : n. 


Bijopanaya: authorship attributed to Bhüskarücárya. 


A short treatise on the corrections of the moon entitled 
*Bijopanaya ’’ has recently been published by the Punjab Sanskrit 
Book Depot of Lahore with an Introduction by Dr. Ekendranath 
Ghosh. A careful examination of the corrections given therein has 
convinced me that these are the deficit of the Equation of centre of 
the moon as given by Hindu astronomers and the variation of the 
moon as understood by modern astronomers. The authorship of 
this treatise has been attributed to the celebrated Hindu astronomer 
Bhàskaracürya. Ordinarily we know of Bhüskara's Lilávati, Bija- 
ganita and the Ganita and Gola chapters on astronomy, all com- 
prising his Siddhünta Siromani. As the additional corrections of 
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the moon are not to be found in the available copies of this work, the 
publishers should have taken a little more care while placing an 
entirely new work before the learned public. They should have 
mentioned from where the manuscript copy was found, how many 
such copies exist and such other details. In reply to my query to 
the publishers I was informed that the manuscript copy was supplied 
to them by & gentleman of Madras and that the copy was very old. 


External evidence in support. 


I find in Oppert’s Catalogue of Sanskrit MSS. in Southern India 
the name of a treatise on astronomy entitled Bijopanaya (Jyotisha) 
No... in the possession of the Saraswati Bhandar at Melkote 
(Mysore). Aufrecht in his Catalogus Catalogorum of Sanskrit MSS. 
mentions this as one on Algebra evidently mistaking the name for 
Bijaganita. The publishers have printed along with the Bijopanaya 
another work Tithi Nirnayakarika by Sri Nivāsācārya. From what 
-Sri Nivüsa writes at the end of the karika,! we learn that he was 
born in Saka 1169=A.D, 1247 and he had the titles of ‘ Veda 
Vedanta Deéika' and ‘Sarva Tantra Swatantra’ from his Guru 
Venkatega and he was himself a worshipper of god Venkatesa. Now 
we know that this Venkatesa or Venkatanatha himself possessed 
the above titles and had written numerous treatises on various 
subjects. Sri Nivüsa wrote commentaries on several of Venkata- 
nitha’s works and also wrote original treatises on various subjects. 
Now Venkatanatha flourished during 1268-1889 A.D. when the 
Yadava rulers were flourishing in Mysore. VenkateSa wrote a 
kavya entitled the ‘‘ Yddavdbhyudaya’’ (“The Rise of the 
Yadavas’’) evidently in praise of the Yadava rulers who had some- 
time ago become followers of the great Vaisnava sage Raminuja 
(1117 A.D.) Outwardly, I am informed, the kávya was written on 
Krsna or Yadava of the Puranas, whose descendants the Jàdava 
rulers considered themselves to be. From the nature of books 
written by Venkatesa it is evident that he was a follower of 
Ramanuja. From Sri Nivasa’s ‘Suddhi Dipika’ we learn that he 
was the court pandit of Mahitapana.2 Now this Mahitapana is 


1 fgfa aiftande sifeerceiaga 1 Neetu WISISRPSITHSTSU CI d 
agaaga frarala diua t BHATT up WAST |i 
Nears Aana] aa Rg fafa w' 

2 e aAa wurafaga...—BSuddla Dipika by Sri Nivase. - 
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certainly another scholarly way of saying Mahisira (Mysore). 
Tapana is “Sūra” or ''Sürya," the sun.! Sri Nivasa was a great 
pandit as his titles prove. He wrote something in his ‘ Tithi 
Nirnayakarika ' which evidently refars to his Suddhi Dipika.? We 
find him mentioning Bhaskara and his Bijopanaya in his Tithi 
Nirnayakarika.? We know Bh&skara lived about A. D. 1150 and was 
also the court astronomer of the Yadava rulers. From the above 
considerations it seems natural for Sri Nivisa to mention Bhaskara 
and his '' Bijopanaya."' 


Internal evidence in support. 


Moreovér we have internal evidence in the '* Bijopanaya ” to 
show the genuineness of the authorship of the book. The 35th verse 
of this work is a repetition of the first verset of the Spastadhikara 
of the Siddhünta Siromani. Here he states clearly the necessity of 
the coincidence of the computed and observed places of the celestial 
bodies and remarks that the additional corrections of the moon are 
more fully treated of in this treatise. The author begins his 
" Bijopanaya’’ with an introductory note which runs hus: 
“sa uf axe datas furere: saa we sue aq ieu 
mami aq fe wena? aa aureus oust dfai” “I have 
already described the treatise on the Ganita and Gola with the 
related subjects (i.e., the Bijaganita and the Lilüvati) with 
proofs. Now will be described as an appendix the secrets of finding 
the positions (of the moon). Desirous of explaining in this treatise I 


2 Vide Amarako$a eag qi aAa...’ and the notes “atta corfeftaq 
quarry sf gaara sufarat “ux: atch afer fa Rara: s 
24 aR aa amet eda wafer 1’—Verse 94. 
s «ater sp arate faafaa P — Verse 7. 
: ;, "Pistes arate: wafer: afraid: aeai v: H— 
erse . 
qaia areata aaia Aaa AA aa I — 
Verse 24. 
* qaaa QÈ: m ta. FE zag | 
rq rem at at a are ARE at ü 
aA ex Raa aAa AA ag aeara 
PARA naca daare aAA Aa wes ARA afs | at Ewsfuder 
aq aa efn sA A Aa aeaa in a aa iaa fg ds 
qaaa fà mfra i 
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cut that matter short at the end of the chapter on Madhyamadhikara 
(of the Grahagayita).’’! In verse 7 of the '' Bijopanaya ” the author 
states the year of his birth as Saka 1036 (A.D. 1114) and says that 
he finished this treatise when he completed his 37th yesr.? From 
Bhiaskara’s ‘‘Goladhydya’’ we learn that he finished his ‘‘Sidddhdnta 
Siromani when he attained his 86th year.? From this it is evident 
that Bhaskara continued his observations for two years more and 
then wrote the present treatise. Verses 43 to 50 of the Bijopanaya 
are repetitions from his ‘‘ Goladhdya’’ chapter on Eclipses (verses 
11-16) and these are also found in his 'Grahaganita' chapter on solar 
Eclipses. 

In these he fully explains that parallax correction is unnecessary 
in ‘tithis’ which begin or end at the same absolute instant of time 
all the earth over.* The language and style of the present treatise 
also bears a striking resemblance to that of the ‘‘Siddhdnta Siro- 
mani.” 

Objections met. 


Now a question may be raised why are not these additional 
corrections of the moon to be found in Bhaskara’s Karanakutuhala, 
a practical treatise, the epoch of which is Saka 1105 (=1183 A.D.), 
that is, when Bhüskara was 69 years of age. We must remember 
that this short practical treatise was meant to satisfy the curiosity 
of the beginners as its very name Karanakutuhala indicates. Hence 
it is no wonder that these intricate corrections do not find a place 
there, = 


Bhüskara's Corrections explained. 


Now I shall explain the additional corrections of the moon as 
found in the ‘‘Bijopanaya.’’ In verse 8 the author speaks of the 
maximum additional correction as +112/.5 Later on Bhaskara in 


2 Compare what he says at the end of the ‘“‘Madhyamadhikara.”’ 
‘df ag fae facfad...t’—-Verses 9-10, ‘Grahaganita,’ 
2 Seaqmadaaaqat aad aya Aa  Cuupüfugaquxqud aga distet 
g afaa v 
? euqeqdüetteeuagaüsuas aqa: | vesuas« «qt Rara faa: i 
— Verse 58, 'Praénadhyáya.' 
* € agaaa aAa v ertet: |” 
s fanfare 8 epit: aiae | 
mennaan A MTA Wenn 1 
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his 6wn lucid and forceful style resolved the correction into its 
two components and showed how they vary and in what positions 
they are maximum or zero, just eas he had done in explaining the 
Equation of time by resolving it into its two components, long before 
Flamsteed, the first Royal Astronomer of England (1700 A.D.) 
who is credited by European astronomers to have explained this 
for the first time. Bhaskara’s own notes on verses 20-25 of the 
Bijopanaya are very interesting reading. He states ‘..qq WWW 
vefattafes qure aeaa I? ''Of these the beginning and end 
of the first equation are similar (rise or fall—positive or negative) to 
the equation of the centre (of the moon) beginning from the apogee 
(of the moon). This is the supplement of the equation of centre of 
the moon as given by the Hindu astronomers. This is stated by 
them as 5°5 (about). The modern correct value of this is 6°17. 
So that the deficit of the Hindu value is 1°12! (about), Bhaskara 
gives this in his first correction and states this to be 1°18’, 6’ more 
than the true value but we should remember that for the second 
correction he gives 6! less than the modern value, thus the combined 
maximum correction found by him is correct. 

The second correction which is clearly the variation is neatly 
explained by Bhaskara thus : sama g megdan Asset ga wd 
afa wefafrefuw sae’ ''The beginning and end of the other equa- 
tion are: observed as positive (with the moon) in the odd quadrants 
and negative in the even quadrants beginning from the position of 
the apparent sun." This is exactly what modern astronomers say 
‘The variation sets the moon ahead between new moon and first 
quarter and between full moon and last quarter, and behind in the 
other two quarters of the month.’ The combined maximum effect 
of the two corrections according to modern astronomy is (72/--40/) 
or 112/, exactly the same as found by Bhàskara. 

Now I shall quote here verses 20—25 and translate the same: 


ERAEN Praca venta: | — wed war web eda wena quel 
aeiee vdss were! — Wd war ue wee when quiu 
qa HG ane ai — eem esas ANTRA IRRI 
AAA ae Agfa a uel g weiherd dA 
waa: veda ae wen)! rA wafeing sentent (sen 
vá adbeast Sgt aaa fe | Ua TA TAS Tg Fe u 
sedated aa wat aff; rete usui 

10 
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20. ''With the moon placed at the end of the first quadrant 
after its apogee and the sun placed half a quadrant in front of the 
moon, the maximum subtractive difference (—112/, as stated in 
verse 8) is observed in the position of the moon. 

21. '' With the moon placed at the end of the third quadrant 
after its apogee and the sun placed half a quadrant behind the moon, 
the maximum additive difference (+112’) is observed in the position 
of the moon, ` 

22, “If the sun and the moon (jointly or separately) are 
placed at the apogee and the perigea of the moon, then the moon 
corrected by the equation of centre has no other corrections to make, 
i.e., the total correction is zero. 

28. “If the sun and the moon either jointly or separately are 
placed at the end of odd quadrants after the moon’s apogee, & 
difference of 34/ less (than 112’, i.e., +78’) is observed in the position 
of the moon. i 

24 and 25. '' With the sun placed at half a quadrant in front of 
or behind the moon which coincides with its apogee or the perigee, 
a difference of + 34! is observed in the position of the moon. Thus 
by, repeated observations and by combination and resolution into 
the components, I find these ‘Cara Vijas.' Let the learned 
observe and verify these.” 

Now Professor Brown’s modern formula for the true longitude of 
the moon is 

A=L+877 sin l + 18’ sin 21 + 76! sin (2D—1)+40' sin 2D 
— 1V sin V+... 

where L is the moon’s mean longitude ; l, the distance of the 
mean moon from the mean perigee ; D, its distance from the mean 
sun ; and V, the distance of the latter from its perigee. The terms 
877 sin 14- 18! sin 2l give us the equation of centre. 

76! sin (2D —1) is the evection and 40! sin 2D is the variation. 

I. For verse 20 we have 

79! sin 270? + 40! sin (2x 815?) = — 72/ —40' = —112!. 

The correction of Biveotion in this position is 


76! sin (2x 815? —270°)=0'. 
Hence the observed moon’s position as stated by Bhaskara 


is true. 
IL. For verse 21 we have 
72 sin 90? +40! sin (2 x 45°) — 72! - 40/— +112), 
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The correction of evection in this position is 
76! sin (2 x 45° —90°) =0'; 
Hence the observed moon’s position as stated by Bhāskara is 
true. 
III. From verse 29 we have 


72! sin (0° or 180°) +40! sin 2 (180° or 09) 0, 
The correction of evection in these positions is 
76/ sin (2 x 180° or 2 x 0°—0° or 180°) =0/, 


Hence the position of the moon as observed by Bhàskara is true. 
IV. From verse 23 we have 


72! sin (90° or 270°) +40 sin (2x 0° or 2x 180°) = + 72/. 
Here Bhiskara’s value is +78. But for the observed position 


of the moon the correction of evection must also be taken account 
of. For the above positions the evection is 
76’ sin (2 x 0° or 2 x 180? —90? or 270°) = F76. 

So that the difference between the observed and calculated places 
in these positions should be + 4/ or practically nil. Bhaskara has 
evidently erred here. He could not discover the Evection. In 
these positions the moon is either full or new. During the new 
moon no observations can be made unless there be an eclipse of the 
sun. The correction of refraction was unknown to the Hindu 
astronomers. Hence any observation with the sun and the moon 
on the horizon on the full moon day must be vitiated by double the 
amount of the horizontal refraction (about 707). Bhàskara seems to 

-have combined the two corrections, the supplement of the equation 
of centre of the Hindu value and the variation in these positions and 
stated the combined effect as the difference to be observed. 

V. From verses 24 and 25 we have 

72! sin (0° or 180°) +40! sin 2 x (2: 45?) -: +40. 
Here again the evection in these positions is 
76! sin {2 x' (4:45?) — 0? or 180°} = +76. 
Therefore the total difference between the mean and the true- 
places would be +386 or +116’, Bhaskara’s value is +34’. Here 
also as in the former case Bhaskara seems to have found out the 
correct position only partially. If Bhaskara had directed his atten- 
tion to the records of solar and lunar eclipses only, for several years 
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he might easily have discovered the combined effect of the supple- 
ment of the equation of centre (of the Hindu value) and the evec- 
tion. The former one being already known to Bháskara he could 
easily have found the evection. It seems Mafijula directed his 
attention to these and thus stated the combined effect of the supple- 
ment to the equation of centre and the evection as will be evident 
800D. 5 

Now Bhāskara’s note when the first correction, i.e., the supple- 
ment to the equation of cente,- is maximum or zero is apparent. 
We know that this issmaximum when | is +90° and Bhaskara has 
given this correction at intervals of 3°45’ up to 90° in verses 26-28, 
which according to him are 6, 18, 21, 27, 83, 89, 45, 51, 56, 61, 65, 
68, 70, 72, 74, 75, 75, 76, 76, 77, 77, 78, 78, 78 minutes respectively. 
(Here we should remember that for intermediate positions 19/ sin 2l 
has got to be taken account of in addition to 72! sin l.) Bhaskara 
directs the above values found by him io add or subtract from the 
equation of centre (5° 5) according as they are additive or subractive. 

We know that the variation is maximum when 2D=+90° and 
Bhiaskara has given this correction at intervals of 8°45’ up to 90° 
in verses 29 to 82, which he found to be 6, 9, 18, 17, 22, 24, 27, 80, 
82, 88, 34, 84, 84, 33, 81, 28, 26, 24, 20, 16. 11, 8, 8, 0 minutes 
respectively showing clearly that tha maximum occurs at the 
octants, These are additive between new moon and first quarter 
and between full moon and last quarter and subtractive in the other 
two quarters of the month. Bhaskara subtracts here the longitude 
of the moon from that of the sun. Thus the ‘tithi’ being negative 
he writes here correétly ‘subtractive in the odd quadrants and addi- 
tive in the even quadrants.’ Bhiaskare finds the variation to be 84, 
But Herschel in 1878 A.D. stated this to be not less than 3% and 
Baily in his astronomical Tables and Formule put this at 85’, The 
latest value as found by Professor Brown is 40’. 


Other important matters in the Bijopanaya. 


The treatise is illuminating throughout and much may be learnt 
on a perusal of the text and its commentary. For instance the 
definition of a ‘tithi’ is very vague as given in the siddhüntas. 
They simply state that it is to be determined from the true posi- 
tions of the moon and the sun. Ths position of the moon may be 
the point on the ecliptic where the declination circle or the circle of 
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celestial latitude through the moon cuts the ecliptic. These points 
are nowhere coincident except when the moon is on the solstitial 
colure or at one of its nodes. Then there may yet be another possi- 
bility. The ‘tithi’ may be the angular distance between the moon 
and the sun or it may as well be the difference of the true longitudes 
of the two, the moon’s longitude being reckoned from the vernal 
equinox to the node on the ecliptic and thence from the node to the 
actual position of the moon along its own orbit, which some astro- 
nomers would like to take. The mean longitudes in the Nautical 
Almanacs are stated in this manner. But Herschel deprecates this 
mode of reckoning ‘What is most improperly called in some books 
the longitude of perihelion on the orbit ig a broken arc or an angle 
made up of two in different planes, viz., from the equinox to node 
on the ecliptic and thence to the perihelion on the orbit.'! A 
perusal of Bhiaskara’s Bijopanaya clears out all doubts and we 
understand the ‘tithi’ to be the difference of true longitudes of the 
moon and the sun on the ecliptic throughout. 


Earlier History : Manjula. 


’ 


We know Bhiskara mentions Mafjula (commonly styled 
Mufijala) and other ancient astronomers several times in his 
Siddhünta Siramoni. The late Sudhakara Dvivedi, astronomer 
of Benares, mentioned in his Ganaka Tarangini (Lives of the Hindu 
astronomers) that Mafijula (A.D. 982) gives a new correction in addi- 
tion to the moon’s equation of centre, to find its true place.  Profes- 
sor Joges Chandra Roy, late of the Ravenshaw College, Cuttack, in 
his ‘atta catf e contfey’, remarks on this that it was unexplain- 
able why then Bhaskara was silent on this correction. The 
publication of the Bijopanaya shows-that Bhüskara wrote a separate 
. treatise on the additional corrections of the moon. Mafijula's Laghu- 
manasa has not yet been published. However, I am indebted to 
Dr. Bibhutibhushan Datta of the Calcutta University who very 
kindly supplied me with the verses dealing with the corrections of 
the moon from the copy of the manuscript of Mafijula's Laghu- 
manasa at his disposal. I shall explain presently what these correc- 
tions are. We also learn from Dvivedi’s Ganaka Tarangini that 
Nityananda in 1698 A.D. mentions an additional correction of the 


+ Herschel, Outlines of Astronomy, p. 829 footnote, 
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moon styled the Päkşika Sawmsküra (fortnightly corrections). I 
also learn from a Pandit that an additional correction of the moon is 
also to be found in the Siddhanta Samrata of Pandit Jagannütha, the 
court astronomer of Ràjà Jai Singh of Jaipur written in A.D. 1729. 
This treatise (perhaps wrongly written as Samrüia Siddhanta was 
‘undertaken’ for publication by the Gaekwar’s Oriental Library, 
Baroda along with the Siddhanta-séra-Kauétubha by the same author 
which was advertised as being ‘in the press’ long ago. But as none 
of these have appeared, nothing could be said now. 

Now I come to the explanation of the corrections of the moon 
as given by Mafjula. 


aret ferdtarerege wei] TEAS LAT |... MoH 


** The Bhujajyà (i.e., E? sine of tha distance of the planet from 
the apogee, i.e., the anomaly according to Hindu astronomers) is 
turned into minutes and this is divided by the ‘cheda’ (a number 
which is different for different planets). The result gives us the 
equation of centre in degrees." In the case of the moon the 
‘cheda’ is given by the commentator Pragastidhara as 97 and from 
values of sin 6 given there it is evident that he has taken for E the 
value 491 which is exactly one seventh of 3438, the usual value. 
Therefore R° sin 90°=8° 11’ or 491’. Thus the maximum value of 


1 
the equation of centre of the moon comes out to be D sin 90°= 
5°4! (about). This is almost the same as in other Hindu astro- 


nomical treatises. 
Now in verses 11 and 12 Mañjula gives another correction for the 


moon (also for its daily motion). 

anian- fadt 1 

yaiz A: e-a: STR UU 

qà we an-A qut 25 | 

RÅ TE i sul ERRAN MRR 

‘* Multiply the cosine of the distance of the sun from the apogee 

of the moon by the mean daily motion of the moon minus 11. Call 
this the multiplier. The sine and the cosine of the distance of the 


moon from the sun is divided respectively by 1 and 5. These two 
results are multiplied respectively by the multiplier found above. 
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The results are the corrections of the moon and of its mean daily 
motion respectively in minutes. If the multiplier and the multi- 
plicand are one positive and the otherenegative the correction for the 
moon is subtractive and that of the daily motion is additive. While 
if both are positive or negative the corrections are otherwise, i.e., 
additive for the moon and subtractive for the daily motion.” 
Therefore Mafijula’s formulas for the corrections become :— 


R° cos {—(D—1)} x (18°166 — 11) xi sin D...(A) (for the moon), 


and R° cos ( - (D —1)) x (18°166—11) x z cos D...(B) 


. (for its daily motion), 
where [=the distance of the mean moon from its mean perigee and 
D=the distance of the mean moon from the mean sun. The mean 
daily motion of the moon —18?'160... Therefore formula (A) becomes 
8:18... x cos (D —1) x 2'166 x 8'18.. sin D. 


=8'18 x 8'18 x 2'166 x cos (D —1) sin D. 
=67 x 1'083 x 2 cos (D—1) sin D. : 
—'72:6 x 2 cos (D —1) sin D. 

=72'5{sin (2D —1) *- sin 1) 

=72"5 gin (2D —1) +725 sin l. 


Now we know from modern astronomy that 76’ sin (2D —l)is 
the evection and 877! sin l is the equation of centre of the moon. 
But the value of this equation of centre is 5°4! (804/) as found 
before. So that the deficit of the Hindu value is (877'—8304/) or 
78! from modern figures. It is now perfectly clear that this second 
correction of Mafijula is the combined effect of the evection and 
the deficit of the equation of centre only with slight variations in the 
constants. This formula giving the joint effects of the above 
corrections shows Mafijula's great ingenuity. 


Bhaskara’s credit. 


Evidently Mafijula could not discover the other inequality 
known as the Variation. It was left to Bhaskara to discover this 
and to explain this very clearly in a manner befitting that celebrated 
astronomer. 
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In conclusion I acknowledge my indebtedness to Prof. Asutosh 
Mitra, M.A., late of the Vidyasagar College, Calcutta and to Dr. 
Bibhutibhushan Datta, D.Sc., D. R.S. of the Calcutta University for 


valuable help in completing this paper. 
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On Some INTEGRAL INEQUALITIES. 
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(Read 10th August, 1930.) 


1 The object of the present paper is to establish a class ofin- 
eynalities between the quotients of integrals of two or more positive 
continuous functions and the integrals of the quotients of the functions 
taken in pairs. The corresponding problem for thé product of the 
integrals of two functions and the integral of their product was first 
stated by Tehebycheff * in the form 


1 1 1 
(1) f f(g(oda > f flx)d: J g(t dz 
0 0 0 


where f(r) and g(c) are positive continuous functions of ‘r such that 
they both increase continuously or both decrease continuously, But 
if one of the functions be increasing and the other decreasing in the 
given interval, the sign of the inequality is reversed, This theorem 
holds good also in the case of any real and finite limits of the variable 
æ. Thus we have 


D f "fade f "gode < or > (ra= r) f Saal di 
t, Tı i, 7 


under the same set of conditions. Dunkel+ hus -given generalisations 
of the form (2; to cover any namber of functions, and has applied 
his results to the prcblems of minimizing certain definite integrals. 

* See Hermite—Cours professé pendant le 2*Semestre, 1831-82. A pr of of 
Tehebycheff's inequality by Picard is also given here. He 

1 O. Dunkel.—''Integral Inequalities with applications to the calculus of 
variations." The American Mathematical Monthly, 81 (1924), pp. 326—337, 
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In the present paper, I have firstly dealt with two positive conti- 
nuous functions f(.) and g(«) and have established the inequality 


fiv de 

ts fay: NS EM 
PO < or > (r,r) e 

Bs g(« de 


holding under conditions similar to these of Tehebycheff. Illustrations 
have been inserted from analytic, circular, and transcendental functions. 
Secondly the result bas been extended to include any number of func- 
tions and any powers of functions, and lastly several known results 
have been deduced with the help of the theorems proved by me. 

I take this opportunity to express my best thanks to Dr. Ganesh 
Prasad for his kind interest and constant encouragement. , 


$ 4. 
Fundamental Theorem. 


2, THEOREM Jy If f(x) and gla) be two positive continuous functions 
of x, defined in the interval e, S x < ry. then will, 


x | 
Jj f(r)de 
caen — fI so > torn)” 
gle) J" 
2, glade 
T, 


fe 


according as ro and g(a) both increase (or both decrease), or one increases 


and the other decreases, in the given interval. 


Before proceeding with the proof of this theorem, we shall try to 
find out the corresponding theorem in finite series. 


' 


Suppose a, and b, denote positive numbers for. »—1, 2, 3,...m. 


It can be easily seen that 
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a M 

Now if ae and b, both increase, then the second summation on 
y - 

the right-hand side is negative; se also if they both decrease. But 


if one of the two insere vses while th» other decreases, 


the summation is 
positive. From this we find that 


n 2, n 
(12) 3-35 


. a, 
according as =— 


b aud b, both increase (or both decrease), or one of them 
y 


increases and the other decreases. 


Hence we have 





n 
Xa, 
n a yo] 
(1.3) X psomBüUa 
yi v Sb 
yey ” 


a 
under conditions set forth above. Equality holds when ys is a 
y 


constant or simply b, is a constant. 


Now the transition from (1.3) to the case of integrals can be easily 
effected by considering the numbers in the series to be infinite. 


Puta, = f, (2, vh), 


and b, — g, (z, vh), v—1,28,......n 


where h = “a75 
n 
From (1.3) we have 
a, ES Sha, 
šh Sor dD wh 
es 


Ahb, ` 


$0 


By : 

a - J fia)ds 
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This result is also directly deduced as follows :— 
Consider the integral 


PUB- fuo-non Joc fT 


Ti A fa7ys 


This can be seen to be equal to 


A Za Ta ffy Ts 
9 ta, —0,) f f(a)dr — 2 f R ae J g(r)de. 
[A xy vy 





Hence l: ID i 2 9 Aa [9’=)—a(y) | de dy 
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Now if both AS and g(r) increase or both decrease, we have the 
e 


left hand side of (1.4) positive, whereas it is negative if one of these 
increases while thé other decreases, Hence we have 


A f(x) de 
(1.1) [ Eo de < or > (#,—2,) 


p de 
€i 





according as f = and g(r) both increase (or both decrease), or one 
& 


increases while the other decreases. 


"I H cay 
From (1.4: it is also evident that equality, occurs only when 


fle) 
gr) 


or g4) is a constant. 
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8. Note 1. Putting f(r) in place of oe we have 


í - A 
féogico)de 
(1.5) [reas or > (z,—2,) I, 
ý «(d 
€, 


Vs Ta Vg 
i.e. fCoda J g(.)àr € or > (4,—2,) J fíz)gC0d« 
Ti 91 


iy 
which is the inequality of Tchebycheff, » 
Equality occurs when f(z) or g(.c) is a constant. 


Note 2. Again putting f(x) equal to some constant k in (1.1), and 
taking g(.) as an increasing or decreasing function of x, we have, 


— de > (n-n) 75 : 
€, ge) | gG)d« 
v. 


which can be put as 


T. Da 
(1.6) J genus fae > r) 
2, a, ge) 


Equality occurs when g(:) is a constant. 


Note 3. Expressed in terms of Mean values, the theorem states— 


The mean value of the quotient of two positive continuous functions is 
less than or greater than the quotient of their mean values, according as the 
"quotient of the functions and the function inthe denominator both increase 
(or decrease), or the one increases while the other decreases. 
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Illustrations and Applications. 


4, Illustrations. 


(1) Suppose f(e)=¢" and g(z)-2z" where x and m are positive 
numbers. Then 


2 f wade 
^ 0 
J a7 de < or > Bos 
0 


according as m < or >n . 4 


Equality occurs in this case when either n=m or m=0. 


w 


T . 
f 5 x de 

(2) [J TEES T 
2 aos vde 


eo 
— 


2 
4 f sin æ dz 
0 


lg /2 > i (49 — 1). 


T 
] 525 id 


g£ 


fa 
z , 


f de : . 0 ; 
(3) epee 7700048 
0 f e 

0 


x i ,2 i 
sech-ada > —~—. (22-0). 
sinh c 


2 tan^! e° > J 
0: 
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5. Applications to Gamma Functions and Beta Functions. 
1 
f &?7!(1—2):7' da 
1 e, 


f a?’ de > 9 


0 g J (1—2)*7 de 
. ^ E 


il. CMT 
pg [ (pq) s 


F(ptU T (1) < T (p+. 
B (p,q) <4, 
: pg 
i Prud 21 
TEPE Tay 
6. Inequalities giving upper and lower bounds of F 


Consider the integral f 2 gin? dz. 


z 
2 


ys 8 in? a 
" f sin æ de 


7 
$ m 
Now f s < f 522 «5^ 


2 m 
: f sin*7 x da 
0 
by (1.1) à 
and this again is less than 
T 
T Bin"^! g der 
TO z 
* x 
f sin* z dw 
0 


a. : NCC NES EM 
for f sin*s de is a decreasing function for all positive integral 
0 La ee aa 
values of n, 
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Take » to be even integer. Then from the above we have 


m m (n—1)(n—i)(n—3)(n—3)......9.8.1 











1.61 Et. 
( ) 4 s 2 2 n(18—2)(n—2)(n—4)......4.9.9. 
< n(n—2)(n—2)(n—A)......4.2 2, 
(n—1)(n—1)(n—3)(n—3)... 3.8.1. 
$e, 
^ (a—8(n-23)(n—4)....49. Lor i 
(1.62) (n—1) n—1)(n—3)(n— 8)......3.8. <3 


n(n —2)'n—2)(n—4)......4.2.2, 
n—1)(n—1) (n—8)(n—8)......3.8.1, ` 





Again it can be easily seen that 


(n —2,(n—2) n—4'......4.2.2. m 
(n—1) n—3)(n—3)......8.3.1. 2” 


whence we have the stronger inequality * 


n(n — 2)(n— 21...4.2.2, 


(n—2 (n— 21(n—4)......4.2.9. 2.2 
(2 - 1)(n—1)(n—8)...3.3.1, 


(1.63) (n—Din —3j(n —8)...... 9.5.1. 


7T 
« 3 < 
7. Inequalities in serves. 


7T 
eos r de 


* 
h f the i 
Take the case o e d puni] cud 


where b» a7» 1. 
With the help of Theorem I, it can be easily seen that 





d ji eos : dæ 
(1.71) f eos g de > 7 “9 
^ (a 4- sin 2)(b 4 sin «) 2 T 
T (a+sin 4)(b- cos.) d“ 
0 


* If n be made to increase indefinitely in (1.63) we have the upper and lower 


bounds of 3 equal. Thus the value of = is given by means of an infinite. product 


"This value of 2 was first investigated by Wallis in his Arithmetica Infinitorum, 1656, 
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Hence we geb — ^: 
1 ba+l 2r 
pa pi | > abti +a F) 
€.8., 
(b—a)" — 


1 — 1 (b—a) 1 
(72 — Xii) eor 58 SaL 





s 2r 
(Zab-F1)r--F4(a4-b) ' 


35 ) 


In particular, d 
1 1 1 1 : On 
3 — agit 33. apt > ppi 


8. Applications to Incomplete Gamma Function and Confluent Hypergeo- 


metric Function. " 
Next take the case of Incomplete Gamma Fanction 


E z 
y(n, T) = f trme tdi. 
0 


"We have 
f -idt 
(181) © ig t*~te-*dt > or < 2, $9 —— , by (1.1) 
JE. i etdt 
0 
; ents 
2.0., > or < "(e—1 : 


€— as n € or > Jui edere 
log sí mi ) 


Hence 
30-1, MEE 
Dow "oD p) x9 er 


n<or>i1+ 


1 


according as ï 
| be (147 ) 


12 


'142 PRAMATHANATH MITRA 


where W,,,,(#) is a solution of the differential equation * 


dW, § 1,k cer T E 








t.e., the function Wz m(x) is defined by the integral 


(0+) 
- =e kc 
-ron-ete] cocta orm ea 


oo 


or, under certain circumstances by the real integral 


-—: oo "TE k-34m | 

l -—4- S ee i 

aoa ere) v 
0 


9. Applications to Hiliptic and Legendre Functions. 


* 1 
Consider the Integral J lern where 0 «2 «1. 
z 





vVi—z?. 


By (1.1) we easily get 


g J: dz 


1 z ."(1—23)(1—59323) OC E« 1. 
— de... o. oz M (1—22)(1—4592?) U<k< 
(191) ^ VpuCO€«0-97u— à 
: D ^ o A ]1—k5;3 
* 3 
Hence we hage = 


(1.92) (G — sin7is ) (sin"35—sin7?kz) < k(1—z)(sn7* 1—s5n^!z) 


ie, < k(1—z)(K—sn^12).. 
In particular 


ae : . 
sin *ke dz ie, 8n^!z, 


ia £ 
SLE 7 ed Vs) kr) 


* This equation was given by Whittaker, Bulletin of the American Mathematical 
Society, X (1904), pp. 125-184, 
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Again if we put in (1.92) 


t 
wl k= DUI) whero y»2»1 


Agel] C507 (GDG-D 


we have 


(1.93) ee —sin"i J(sin-*k— sin ke) 


«k((o4-1)(y—1) 3 Pala) Q(y) 
n= 


1 oo 
d ie, <{(@—1)(y+1)}? 3 t» 9. n, 
n= . 


where P, and Q, are Legendre Functions of degree n of the fogt and 
second kinds respectively. 


10. Applications to Elliptic and Hypergeometric Functions. 


= T 
Similarly taking the case of f 2 (1—k'*sin®¢) d$ 
0 


it is easily seen that 


x : (1—X*sin* 4)*d$ 
(1.10) la * d- IPsiné)de» T 5— 
ò à de 
à (Ein?) 
where 


* 
k= S, (0f) k (O) 
i.e., k is the modulus of the elliptic function. 
Thus we get 


kP E F(-4,31;%), 
1 or Rh Fa, i; 1; E) 3 
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4 4 
(11) ie, 2200) + 3, Ol) y FC—5 i l E?) 
4 F PS Bs l; k?) 
- 2.8, (Qr) E 
1 
J u? (1—u) * (1429)! du 
also 1-* > 9 
2 1 > a" ES 
f 5 aoa) k'u) * du s 
0 
Again from the inequality d : > 
^9 d$ r? 


E 

J 1—k? 2 $ —— > T 

0 dan $) ge J (i— kssin? e)? 4 
follow the important properties : 


aK 
K i, dn*udu > - 
0 


Fih 3; l; ke. F(-4,4 l; k?) >l, 


1 =-1 p T 1 -l -à a 
and fe ?(1—«) 3 (1—k5u) has f 2. 1—u) *(1—k*u)? >r. 
0 0 


$2 


Generalised Theorems. 


ll. The theorem of the previous section can easily be extended to 
the case of several functions. ax 
The result corresponding to (1.1) can be put thus :— 


Taeorem II. If fi) fa)... f), gi) gala). ga (a), be positive 
continuous functions of s in w, osos, then will 


KAO i(2) a) fale) 
(2.1) 1 gio) a f Jae) s “fi g.(2) * e 


1 
Ta 


fi (e) dz... falæ)de 


By 


n Do fec 





<(r,—2,)* = 
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` where some or all of the functions f m ye and their corresponding 
1 


ones among g,(X),..g.(w) increase er decrease simultaneously. But 


af some or all the members of the functions fo) JZ a(o) increase 


MORAO DEN 


or decrease, while the corresponding members of g(x), g.(a)... 





decrease or increase, we have the inequality in (2.1) reversed. 





In particular, 
ý x 
AONE PRO us I^ 9); 
ve A *]- RO 2 Xo 
S ] 5o» 


s (£a zs. a 
Í ‘Falade 


where, either, f,(a), f, (aee oi (2) are all positive increasing functions 
of x such that 
fi (0) ea) afale) Dess Mfg (0) Ea gÀ 
or they are all positive decreasing functions such that 
FG) fa (a) wer fees(o). 
But the sign of inequality in (8.2) will be reversed j the functions 
are all positive increasing funis of æ such that 
f. fa (o) et fari @) 
or they are positive decreasing functions such that 


fio Dfa (2) Meee m fÉsai(2), 


These results follow easily from Theorem I. Since the integral of 
the quotient of any pair of functions varies as the quotient of the 
integral of the respective functions, the product of any number of such 
integrals must vary in the same manner, under the given conditions. 
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3 fecta ; , 
Asin Theorem I, equality holds inm (2.1) when hh, i b are 
i 2 n 


. ý o 


constants, Or g,, Yaseen are constants, or some members of hh, si 
1 3 





and the remaining members of g,, Jaare constants, 


In the ease of (2.2), equality holds When either fis faseare all 


constants or their ratios f. f. are constants. 
2 s Y 


12. Note 1. When È = f»... =f we have (2.1) in the form 
0.5 Da. iru. i E 


n fO da | 


gi x) de 


am ff por e P sore ea 


pee. iE, po as F "t 
€. 


V, 
which is the same thing as (1.1). 


Note 2, If further f,(#), Fala) n C») are all constants we have 
from (2.1) - eve ` 


To dy "- l.. 
(24.) | J tt > (o,—05) gi 
* PA e = f glæ)dæ¢ > ~ 


which evidently is the same as (1.0):-- -~- -— ; 


13. - Next I give an important generalisation of Theorem I, from 
which will follow many interesting results and which includes two 
theorems of Dunkel * as particular cases, Iti is thus stated— 


TugonEM III. If f(#) and g(a) "he to Son continuous functions 
of « defined in the interval a, S € < «,, then will 


: à (f ey as 
(2.5) 1 J fan da ? sor> (e, —2,) T — 
LA uem » - “ta(a)}" de 


t4 


* O. Dunkel, loc. cit. 
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according as m and (f(z))"7^ Íg(z)]* (k=1, 2, 8,...n) both increase 
P} 
(or both decrease) or one increases and the other decreases. 


Proof :— 
We have by Theorem I, 


I vor ds 
(2.6) f fO as <o > (ma) * 
ig (9*7 gle) de 


> By 


4 


TN as i E and { f(z)) "7? g(x) both increase (or both decrease), 


or one increases while the other decreases. 
be 


Similarly it can be easily ica that 


d {AD} gla) de 





dea, <o> (e,—2.) ^ 
x * Ute atop. dx 


Ti 


uh OP" fale) ae 
le el du < or > in an 
^ "d COIRCE 


*99e09029002229294655329 512990 tet 


D Ho). (g(2)]*7* dz 





f: i) dz < or E (0m) : 
í | [s C dg) de 


ey 


holding under conditions similar to those of (2.6). 
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, Hence combining these n inequalities we get 


Ta. 
É {FQ} de 
(2.5) | f e) pr < or > (a) T"L—— -, 
2 f cor de 


according as se) and {f(e)}"* {gl} (Ezs1,9,8, eee) 


both increase (or both decrease), or one increases while the other 
decreases. 


Equality holds when the ratio Me) is constant. 
Qe 


14. Note 1. Ifwe put g(x) equal to some constant k in (2.5), we 
get 


gs n i Ta 
(2.7) | Jw z! < (e—a, f {FE a. 
v, T, 
This is a generalised from of Tehebycheff's inequality (1.5). 
Note 2,- Again taking f(#) to be some constant k,, we have 


1 g? di n (æ —g,)"t 
(28) - J rol ae UE ER 
Tı f eor as 


v 


i.e, f "Ab [wo dae a T 


This is the generalised form of (L6). - 


In the inequalities (2.7) and (2.8), there is no restriction upon f(#) 
and g(«), so that they may be increasing or deoreasing functions but 


necessarily positive. 
These are the second and third theorems of Dunkel. 


Note 3. The inequality (2.5) can be put as 





L f uey a 


$7704 
KO UA 
a» fonse dej s i T 
gla m 








qp a 


E 
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This shows that the nth power of the mean value of the quotient of 
two positive continuous functions is less than or greater than the quotient of 
the mean values of the nth power of the functions themselves, holding under 


the given conditions. 


In particular putting n=2, we have 





LL H f vora 
D] ees A 
5 f tora: 








(2.10) LE - 





Ta — t, 


which can be taken as an analogue to Schwar:’s inequality which consi- 
ders the product of two functions, whereas the inequality (2. 19 consi- 
ders the quotients. 


$8. 


Derivation of some well! known Inequalities, 


15. In this section I propose to deduce certain well-known in- 
equalities, namely those of Fujiwara, Hayashi, Schwarz and Cauchy 
with the help of the results obtained in the-forogeing pages. All these 
meganhpiex are derived i in ibe same manner. . 


16. Deduction of Fujiwara’ s  Inequality.* 


We have from Theorem I 


m he 


(3.1) [3 Bu «€ (1,—2,) 2 
^ue 


where fi, fz. $, and $, are any positive continuous functions of g 





such that oy and fip, both increase or both decrease in the given 


2 x ~~ a 
t 


interval e, LELT. 


* M.Fuiwara—' Ein von Brunn vermuteter Satz über konvexe Flächen und 
eióé Verallg emeinernhg der Scliwarzschen und der Tchebycheffschen -Ungleichungen 
für bestimmte Integrale," Tohoku Mathematical Journal, 18 (1918); pp. 228.235, 
and “ Über eine Ungleichung für bestimmte Integrale.” Ibid, 15 (1919), pp. 285.988, 


19 
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Ta 
. J fib de 
z T 
Hence P > i Es da. 
2 — eat $a 
J fib de V1 
Tı 
Ta 
" fod de 
2 
Again ^ (ne) 
v, i f Fhada 
Tı 


where one of the functions $+ and f $, increases and the other 
. 2 


decreases, 


Hence combining these results we get 


f 5o f feas 


Ti 


(3.2) 


V 


T, EB 
J fapade fid da 
Vi 


Ti 


and the combined condition shows that either i and i should both 


2 2 
increase or both decrease to give the result (3.2), which is the condition 
formulated by Fujiwara. 7 


The inequality (3.2) is reversed if one of the functions f. and $i 
2 a 
be increasing while the other be decreasing’. i 
Thus we have Fujiwara’s inequality— 


If fis far p and $, be any positive continuous funotions of æ defined 
in the interval r, S « < tg, then will : 


(3.8) [hdd f roa: 2ors E fida 


-2 LA 


according as m and fı both increase (or both decrease), or one ingreases 
3 2 . 


while the other decreases, 
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17. Derivation of Hayashi’s inequality. 


The algebraical inequality corresponding to Fujiwara’s was given 
by Hayashi.* It is very easily deducBd from the algebraical one of my 
Theorem I given in para. 2. It is stated thus— 


If apb, c, and d, represent positive numbers for v=1, 2, 3... 


then will, 
n n n 
(34) Z ab 2 ed >ors 3% ad 


v=1 y=] y-1 y=1 VV 


n 


. y v , e 
accoridng as v and y both increase (or both decrease), or one increases 


v y 
while the other decreases. , 
Proof : 
We have 
n 
n b, = a, >, 
ie ie n. , by (1.3) 
s X ad 
y=] VY 


where ra ard a d, both increase or both decrease. 


n 
n p X bc, 
Again X 2 > n=! 
pol d, E n d 
X 0^, 
y—l 
b, 
where one of d and c,d, increases and the other decreases 
.v 
Hence we get 
n nh i 
X a,b, X b, G; 
y-l > y=] R 
n x n 
Eur "4, E ^y 
bby B 
n n n n 
(3.5) X 455 x 44 > & ed, x beo 
v=1 y=1 v=1 y—1 


* T, Haysashi—'' On Some Inequalities." Rendiconti del Circolo Matematico 
di Palermo, 44 (1920), pp. 386-340, 
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where 7 and T both increase or both decrease at the' same time. 


v t v - " i , . 
The inequality (3.5) is reverséd if One of these increases while ‘the 
other decreases. This proves the theoreth. A e c Odi 


From (3.4) also, by passing, to the limit Fujiwara’ s inequality 
is obtained as in the case of Theorem I. 

18. Deduction of Schwas :'s, inequality. 

Take f(:) and g) to be positive continuous functions of wv defined 


in’, Seger. 0 Im Nd 2 
ve JG) ge). de i 7 T NEN 
Then f& g'2) a dut Dues n) SE, by (L1) 
s {f(@)}* de i 
9i. 


where one of the fuxstorà X 5 and { f(z)}? increases and the silat 


decreases, LR M 
Dior T 
San: I: $2" dz < (a,—- t Ur ANE 
(2) , 
fa) gle) de - pot 
Tı ` 
where both the functions gir) and f(a)g/a) increase or decrease 


Ji 


at the same time. -- 
These twofold conditions, when combined, do ‘away with any 





~ 


limitations on I I so that f(:) and g(:) are any two postive continuous 


t ) "n 
functions. of r, but opposite i in sense. The same will alsa tola it they 


are of the same sense, DEMONS 
Herce we get Schwarz’s ae 


Ta + bs ] t 
(36) | Agade < [i Ucopy ae $ 3f tico ae 
£t, Tı 0 f 
Proceeding with this theorem to reverse the sign of inequality we 
land in an absurdity. 
Similarly, from (1.3), we can _ easily deduce ue inequality 
This is left to the reader. 


` Bull, Cal. Matb. Soc., Vol. XXII, Nos. 2 and 8. (1930), 
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Review 


AN INTRODUCTION TO THE GEOMETRY OF n-DIMENSIONS 
By 


D. M. Y. Sommerville, Methuen & Co. Lid., London, 1929 . 
| xviii +196 pages. 


The notion of higher spaces plays, at the present time, so useful and 
important apart in the ratural extension of the bounds of know- 
ledge in ‘the various branches of higher mathematics that it is now 
regarded as ‘an indispensable part thereof, intimately related to many 
othet branches and with direct application to Mathematical Physics. 
Prior to 1914, with the exception of a few isolated papers, published 
at times in the different Journals, there were no regular treatises ov 
the subject in the English language, and the absence was very keenly 
felt. In 1914, however, Profs. Manning* and Gangulit published 
their books which dealt with only some particular aspects of the 
subject, and a great deal more remained, and still remains, to be done 
in this direction. The present Introduction is certainly an improve- 
ment upon the former publications, in so far as it approaches the 
subject of n-dimensional Geometry from various aspects—elementary, 
metrical, anulytical and projective ; but at the same time it must be 
said that a regular Systomnus treatment of the subject is still a desi- 
deratum. : 

‘In view of the complicated nature and lack of intuitive suggestive- 
ness of’ the higher-space geometry, progress of investigatibn in this 
branch seems to have been greatly hampered, as compared with other 
branches of knowledge, and the subject may still be regarded in its 
infancy. - Consequently, for obvious reasons an exhaustive treatment 
seems impracticable. Italian workers have no doubt done a great deal 
in this field,-but the comparative apathy on the part of English authors 
is maivly,-if not entirely, responsible for the absence of any such work 
in their‘own language. The present developed form of hypergeometry 


* H. P. Manning —Geomeizy of Four dimensions, 1914, MacMillan Dompany 
New York. 

+ S.. M. Gangili—Analytical _Geometry ‘of Hyperspaces, Part I (1918) and 
Part II (1022), Wairenng of Caleütta, Indis. 
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` is entirely the product of the giftedltalian school of geometers, headed 
by Veronese, Bertini, Segre and others, however much an English 
School may be desirable. Attempts seem to have been being made by a 
number of American workers to build up such a school and we are now 
glad to find Prof. Sommerville to join their rank. His publications on 
geometrical subjects have already ‘acquired à name for him. His 
“Bibliography of non-Huclidean geometry including the theory of 
parallels, the foundations of Geometry and space of n-dimensions ” 
(1911) clearly showed his keen interest in these subjects, and the 
appearance of the present work is highly welcome, while a more com- 
plete treatise would be extremely desirable. i 

The author opens: by aequainting the reader with the nature of 
geometry and the fundamental ideas of higher dimensions based on a 
certain logical system of axioms. Certain prineiple are enunciated 
without attempt-.at their exposition. The first four chapters are 
devoted to the consideration of the fundamental ideas of incidence, 
parallelism, perpendicularity and angles between linear spaces. 
Orders of parallelism of linear spaces are explained with reference to 
spaces at infinity, while degrees of orthogonality are discussed with 
reference to a virtual Quadric in the (n—1) flat at infinity. In Chapter 
IV;, distances and angles between flat spaces are considered. In dis- 
cussing angles between two planes in S, among other things it is stated 
that of the two angles ¢,, and $,, one is a maximum and the other a 
minimum ‘and in § 10, they are again termed:as minimum angles. The 
trne nature of these angles should have been discussed and if no deci- 
sion was possible, that should have been clearly stated. That both are 
minimum seems to be inconsistent with the fact that between two 
minima there is always a maximum, while the existence of a maximum 
requires elucidation with regard to its limit. The case of half 
-orthogonal planes as stated ou pages 34 and 45 should have been more 
clearly éxplained. zm 

Further investigations in angle-concepts and deadline planes should 
have been incorporated, 

In Chapter. V projective properties of Quadrics and their linear 
Spaces are studied analytically with the help of matrix notation. 
Chapter VI is devoted tó the consideration of lines and planes in S, 

with the help of Cartesian Co-ordinates, and metrical geometry of S, is. 
more fully discusséd. The six co-ordinates of plane in S, have been 
conveniently used in calculating angles between two planes, and the 
process explained by an illustration. Lastly the condition for the 
intersection of a p-flat with a q-flat in a point is obtained. Considerable 
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space is devoted to polytopes with an account of regular polytopes 
in the last Chapter. Euler's Theorem and -its relation to the angle- 
sums of a polytope are discussed in Chapter IX. In fact, these Chap- 
ters contain some of the elementary ideas of analysis situs. In 
Chapter VIII, expressions for the contents of a number of hyperspacial 
figures are given. ` 

The author states in the preface that a complete systematic treatise 
is not attempted but certain representative topics are selected. The 
subject of hyperspace covers so extensive a field that the author is 
perfectly justified in selecting representative topics ; nevertheless the 
reviewer ventures to suggest that in view of the fact that the present 
work contains three chapters which discuss properties of linear spaces 
and as many as three chapters on polytopes, it might have been well 
to sacrifice a few of the duplications in order to include some of the 
topics that are omitted, namely, order, symmentry and rotation, 
specially in a space of four dimensions. Differential aspect of the 
subject has entirely been excluded. 

At the end of each chapter we find a list of references both, as the 
author states, of original works in which the various theories were 
expounded, and of other recent work for a fuller account. As the 
subject is not yet in its fully developed form, it would perhaps be 
more convenient, if, following the continental authors, the references of 
important results were given in their appropriate places. In these lists 
a number of deplorable omissions is to be noticed, and this is certainly 
to be regarded as unfortunate specially on the part of the author of the 
Bibliography, Among others, one would sadly miss any mention of that 
great inspiring author Veronese and his classical work “ Fondamenti 
di geometria, etc.", in which, it will be found, the essentials of almost 
every topic discussed in the work are given in,some form or other, 

Despite these minor blemishes, we prefer to end the review with 
deep appreciation to the author for his masterly production and for 
enriching the English language by bringing out this very useful 
treatise of its kind. The exposition on the whole is rigorous and 
painstaking and the matter presented is of considerable interest and 
unquestionable importance. A volume as attractive as this in form 
and in content is certainly destined to arouse interest in the subject 
and hence deserves an outstanding position in the current literature. 
We shall look forward with interest to the publication of a more 
complete work on the subject in the near future. 


8. M. G. 


P 
.* 


:5 € 


‘Krishnakumari Ganesh Prasad Prize and Medal ` 


"e FOR 
S 1 Lot . r ” 


RESEAROH IN THE HISTORY OF MATHEMATIOS IN INDIA 
BEFORE 1600 A.D. 


Dr. Ganesh Prasad, Hardinge Professor of Higher Mathematics in 
the Calcutta University and President of the Calcutta Mathematical 
Society, has handed over to the Society 31% G. P. Notes of the face 
value of Rs. 1,400 for the creation of an endowment for the purpose of 
awarding a Prize and Medal in memory of his daughter. The Calcutta 
Mathematical Society has laid down the following rules for the award 
of the medal and prize :— 

(1) A research prize ‘and gold medal shall be instituted to be named 
Krishnakumari Ganesh Prasad Prize and Medal after the name of tho 
donor’s daughter. 

(2) The prize and the medal shall be awarded every fifth year to 
the author of the best thesis embodying the result of original research 
or investigation in a topic connected with the history of Hindu Mathe- 
matics before 1600 A.D. 

(3) The subject of the thesis shall be prescribed by the Council of 
the Calcutta Mathematical Society at least two years in advance. 

(4) The last day of submitting the thesis for the award in a parti- 
cular year shall be the 31st March of that year. 

(5) The prize and theymedal shall be open to competition to all 
nationals of the world without any distinction of race, caste or creed. 

(6) A board of Honorary examiners consisting of (7) the President 
of the Society, (/?) an expert in the subject nominated by the donor, or 
after his death, such an expert nominated by the donor's heirs, and 
(tit-v) three experts in the subject elected by the Council of the Society, 
shall be appointed as soon as possible after the last day of receiving 
the theses. i 

(7) The recommendation of the Board of Examiners shall be placed 
before the next annual meeting of the Society and the decision of that 
meeting shall be final, 
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(8) Every candidate shall be required to submit three copies 
(type written} of his or her thesis. 

(9) If in any year no theses is received or the theses submitted be 
pronounced by the Board of Examiners to be not of sufficient merit, a 
second prize or a prize in a second subject, or a prize of enhanced 
value, may be awarded in a subsequent year or years as the Council of 
the Caloutta Mathematical Society may determine. 

(10) The thesis of the successful candidate shall be printed by the: 
Society, 
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On THE Summation OF INFINITE SERIES oF 


E 


LEGENDRE’S FUNCTIONS 
By - 
GANESH PRASAD. 


The object of the present paper is to give a fairly long list 
of those infinite series of Legendre’s functions which admit of being 
summed up into forms, compact and free from the sign of integration. 

In addition to the known series, of which some are common to all 
well-known books on Spherical Harmonics and some are due to Bauer, 
Most, Heine, Routh, Darling or Q. H., Stuart, the list containg 
a number of new results which were communicated by me to the 
Calcutta Mathematical Society nearly three years ago ; these new results 
appear in the list starred, and more or less full hints for obtaining them 
are given in the second part of the paper. 

Unless the contrary is stated explicitly, the argument of every 
Legendre function is to*be understood to be x=cos 6. 








Part I. 
Q —i—-ux aen. § 13.081) ie P 
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(Bauer, Orelle's J., Bd. 56) 
m NC EE EN 1.3... (2n—1) 72 
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x era . Pisas | 
(Ibid) 
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(Ibid) 
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g (Ibid) 
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. d (Ibid) 
ite Yy- 1 ! m: P 
e ( Tem ot a har 
E IEEE DT 
ATE Ps 
(Ibid) 
E * mô ip ` m? i » 
(7) 2e mi? { + m? 4-3* 5 P.) 


m° (m* 4-25) 
MECCESDICES OM 9P. (| 





1— mr » 241° 
(m* --1*Y(m* +3?) .1 
Eag UP alate $ 

(Most, Crelle's J., Bd. 70) 


PaO) .2"H(n—i) - m(n—m+3) 
(8) da™ AM EM Fe m+P)P. at "OG? 


m(m-+1).(n—m+3)(n—m—}) ,. 


(n—m—8)P aims + 13. (n—4) (n—& 


(nm HYP ee ? 


Renee 


(Ibid) 


Y 


SUMMATION OF INFINITE epee OF LEGENDRE'S FUNCTIONS 161 


oi)" HOD) fi. Lm 
JE a RD = ?"2.(m-F2) 
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(Hargreaves, Mess. Math., 1897).t 
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+ Prof. Hardy gives this. result in Proc. L. M. S., 1924, p. XII, without men- 
tioning Hargreaves. 
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4 2.4,..(2m—2) One 
(15) z 13 m3) sin m 0— —(n DP. 


1L] 4 i: Í 
n) OTI CE Pass 
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and where w, y are.to be replaced y 1 after the differentiation has been 
performed. 


(Routh, Proc. L. M. S., Ser. I, Vol. 26) 
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(22 inz 5 3B. , K standing for the complete elliptic integral 
o n+l’ p A 


of the first kind with modulus cos ? (Darling and Q. H TE i 


1 See Darling's paper in Quarterly J. of Math., Vol; 49. 


SUMMATION OF INFINITE SERIES OF LEGENDRE'S$ FUNCTIONS 163 


03) 1- —2 log (1+ sing sz P E 


(24)* —log asad Tem ehe zu ag P. (2) 
1 


m" 





e m : $ 
(25)* log 2—} log (1+2)—log (1+ Vz)=S ix Pee, 
1 


i eniven CI iul) 
(26) g ^a = z ET 


(27)* —log nest VIBE +1 


1 a -s4 A 1—3az as = a?P, PG) 
EL M = 
a 8 1 i-s R nati) 
(28)* — 14-log 2—4 log ies uc aF dan ES 


T 


-S (=1)"P sale): E 
1 2m(2m41) ` 


(29)* tan7i VE +2 log, (14-2) +log E ^m 
~— 





L$ (CDP, a) 
0 m+1) Gnd) ` 


Qo Vi Wawa? +2 log eem. 1 
—-0 


70. TUUS INT 


GD* — $ VI—Zas-a* + $a(VT—Sas-ka* —1) 


+ o*— » log me IT 


1—« 


at Boc. 
= 3 SOPs) 


~ 


164-  . - _ GANESH PRASAD 


hd wal Sakai 


* U Ji Dariui 
(32) g Vl Rastat z 


4 . oa) ( vic terere vg Ee ente er) 
—a-- 1 Baza 
—$. plog t vi Sore i l 


TN 
- a"**P.(2) | ez 
a acá c a oe 





co 
(83) * A9 Visas E 1=3 P,(z) 
en t SE -— 0 





pM eee 


(34)* wp aah ba va ima jee —1 
V3 2 





l—a- V2 i-a NE ala) 
0” 


“Iz - an +3 * QD ‘ Arat P 





x X log 








9 P,P PSP. 2 
K 1. = aia | its 
(859 i-— cos à sin 9— 2 E à 3 = 


(86)* 14/2 Vi —a+ sa wv Azote 


x ( v8 /T=ate log prb VICE VE Via a 








——d-—s8-——- 
5 l—e+ V2 Vi—2_ © P, (a) 
ag 18 Uds — Te ETT js EY 
24. n ] -1 -7 (sm $1 
sin’ E f 2 sin ztl 





—ion-{ =I £) 
(88)* ar, (2), 27 =K 7 


SUMMATION OF INFINITE SERIES OF LEGENDRE’S FUNCTIONS 165 


(39)* iP.) D =UV) 





sn 
dnl 
where ; be 
U=— 4 s ( T £), 
a T+ — a 
T 


P -= tm 








E 1., 
V—i tm (œ)— f tama (t 4 NE =) 
a, a, - 
a= A/2-#2 cos A B= a/ 2-2 cos $, 


a, =a, B, — p. ea 
(a rel Du =K0-V) 
jaye sgy- 





4n + 
0 
2 1242 oos B. 

















166 . GANESH PRASAD 


Li Part II. 
Result (24). 


oo . " 
zo P.(z)—(1 -2az--a*) F, 
9 uds Oud. 


oo 


te, = 
1 


a^ P, 
a 


{(1—2ax4a*)"?~1} 





Integrate both the sides of the above with respect to a, then 





a 
OO n © a 
sP E [(1-2ar-a3)*?—i)]da  - 
1 

0 


1—az-- /1—2ax+a? 


=- 1 
og 3 


Results (25) and (26). - 


Putc-—: in (24) and equate the real part on the left to the real 
part on*the right, then we have (25) ; similarly, equating the imaginary 
parts, we have (26). 


Result. (27). 


From (24), by integrating both the sides with respect to a, we have 


a 


9 a'P 1—2as4- /1—9a2z +a? 
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Ei E ` 2 





da 
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=] — log 





1—agz+ vl—2az+a? 1 lo jeet Vi—2ar+a? 
— g X 
2 a i—-z: c 


Results (28) and (29). 


Equating the real part on the left to the real part on the right 
after putting a=7, we get (28) ; similarly, by equating the imaginary 
parts, we get (29). 
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Result (30). 
Multiply both the sides of 


oo LX 
S a"P,=(1—2ar+a’) z 


by a, and integrate with respect to a, 





Then 
a 
OO a aq a a. 
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=a —Qar+a'+e2 log 


Results (81) and (82). 
These follow from the following general procedure : 
e -i 
= a*P,(s) -(1— 202-2) 3 
0 
Therefore, multiplying both the sides by a* and integrating term 


by term, we have 
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rye] 
a 3 
2k—1 k—2 aè ^*da 
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(by the ordinary processes of Integral Calculus) 
Thus, for k=2, we have (31) ; similarly, for k=3, we have (32). 


Results (33) to (36). - 


These follow from the preceding three results by putting a—1. 


Result (87). 
Multiply both the sides of 
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by IM and integrate with respect to a, then we have 
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(by a suitable transformation as eg., in Greenhill’s Elliptic 
Functions, p. 40.) 
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Result (38). 


In 
oo e. ES 
z a^P,(z) —(1—2ae-4 a?) ?, 
put a=r*. Then 
oo 1 
Zo UPQ—(1-2r* o4. 73*) 2. 
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Multiply both the sides of the above by r^ and integrate with respect 
to r, then 
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P ( (127522) Fred (A) 
0 


CO kntoki 
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As a special case, take k=2, a=0, then the above becomes 
T 
P. -{ (1 -9r5 ap r*) Pde 
l 0 


9o panti 


$ 2n 1 
=K—jon-1( 7 9 ) 
=K—4 cn ( FFL’ cos. 5 Jo 
[by a formula in Greenhill’s book, p, 60.] 
Result (89). 


Take k=4, a=0, in (A) then 


T 





P,= ( (1—95524-75) 3dr—à (U4- V) 
0 


[See Greenhill’s book, p. 162] 


170 GANESH PRASAD 
Result (40). 
Take k=4, a=2 in (A), then pas result follows as above. 
Results (41) and (42). 


These follow from (39) and (40) respectively, on putting r—1. 


Bull. Cal. Math. Soc., Vol. XXII, No 4 (1930). 
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A HYDRODYNAMICAL PROBLEM : MOTION DUE TO A 
SYSTEM oF BODIES 
By 
HRISHIKESH SIRCAR, D.Sc. 
(Dacca) 
(Communicated by Prof B. M. Sen) 


Introduction. 


The motion of translation of a single circular dise * in an infinite 
liquid is well-known; the translation of two circular dises has been 
considered. The method followed is that of Dr. J. W. Nicholson t 
in his Memoir on the electrification of two circular dises. An Integral 
equation has been formed of Dr. Nicholson’s type, which has been 
solved approximately. 

The steady rotation of a single circular disc in a viscous liquid 
being considered by Dr. G. B. Jeffery] we have contemplated 
the rotation of two circular discs, equal and un-equal. In the case 
of un-equal discs, a method of approximation has been followed, while 
in the case of equal circles, the method of approximation as 
well as that of Integral Equation has been introduced. 

The Fourier-Bessel Integral of spheroidal harmonics has been 
necessary ; but Dr, Nicholson’s method of deriving the integral, as 
applied to spheroidal harmonies of zonal types, seems to be unsuitable 
when spheriodal harmonics of associated types are concerned. By using 
the some of his formulas, as also otherwise, we have succeeded in 
having corresponding Fourier-Bessel Integral, A general formula 
which includes Bauer’s § formula as a special case, has been obtained. 

I take this opportunity of expressing my sense of gratefulness to 
Prof, B. M. Sen, M.A. (Cantab.), Presidency College, Calcutta, for the 
interest he has taken. : B 


Lamb, Hydrodynamics. 

Plul, Trans. Royal Soc., Vol. 224 (1924). 
Proc. Lond. Math. Soc., 1915, p. 327. 
Münchener Sitzungsber., v, 187b, p. 263. 
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Sxction I. 


Translation of two circular dises. 
. 
Preliminary Statements. 


Two oblate spheroids of different radii of confocality, a and b 
are contemplated, having the same axis of revolution which is taken 
as the z-axis; (6, p, w) and (£,, pı, œ) denote the oblate spheroidal 
co-ordinates of a point in space with different origins O (the centre of the 
oblate spheroid, 6) and O, (the centre of the oblate spheroid, a) respec- 
tively ; (z,p,v) and (z,,0,,») denote the corresponding cylindrical co- 
ordinates, the z-axes being measured in opposite senses OO, and 0,0 
respectively. We have with the usual idea, the geometrical relations 





p-aVvl—g,? VEI = bVl—p? Vi +i and bul=c—ap,é,...(1) 
the spheroids are supposed to move with velocities v, and v, along the 
common axis of revolution. 
Fourier-Bessel Integral of a Spheroidal Harmonic of Associated Type. 
Deriving the analogue of the well-known Formula * 
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* Jeffery, Proc. Edin. Math. Soc., p. 119, Vol. 38. 
+ Nicholson, Phil. Trans. Royal. Soc., Vol. 224, 1924, p. 56 
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Transformation of a Spheroidal Harmonic of Associated 


Type corresponding to a change of origin. 
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* Watson, The Theory of Bessel Function, p. 22. 
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Whittaker & Watson, Mod. Analysis, 3rd, ed., p. 322, Art 15, 4. 
Blades, Proc. Edin. Math. Soc., Vol. 33, P. 68, 
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Similarly, Pz(u)g7(2) 
oc 
-5 (2r - 1) ,o?(r, c, a, b,) P2(u.)p(£;), 


where ,w7(7, c, a, b) ° 
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When m=0, we have, 


Palga lé) = E (2r 4-1) 202 (r; C, a, b)P, (u)p. (£1), Tm (5a) 
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where ,w2(7, c, a, b,) 


T jb js —àc dà 
= 5 À A = p 
za [haoa 5,0) OND (58) 
A General Formula (Application of Transformation), 
Obtaining the transformation of a spheroidal Harmonic in two differ- 
ent ways, a general formula can be deduced, which includes Bauer's * 
formula as a special case. But it is derived from the equality of two 
integrals. Assuming, for simplicity, the radii of confocality to be equal 
to unity and the geometrical relations such as those previously stated, 
we have, 
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* Munchener Sitzungsber., v (1876), p. 263, 
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using the well-known formulaz gid? cos u= o Op? = ieJ, (Àp) cos su. 


Again, from above 
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X oo ct pet) pees) f PO Tea, ys 


rm 


x (2r4-1) Cni m (9) 





introducing the well-known integral formula for Q.(c). 
Whence from (u) and (v), we may have a relation, 





—)Mat, EBENE za T S T 
In Ici VIR = Az. 3, teret Cond ben 


J MPPE: ) 
or putting A— —ER, p, —cos 0, (£,) —cos a, we have the formula, 
git R cos cos a UM [k R sin 6 sin a] 


us rm (r—m) ! i 
= N gm, Gre J,,, (XR) 


H (cos 0) p” (cos a) D 4 e. (w) 


which, when m=0 reduces to Bauer's formula. 
Equations to determine the motion. 


The velocity-potential of the motion ‘should satisfy the following 
conditions :— 
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@) V'$-O0. 


(72) $0, at infinity. 


(iti) E =—v,bP (p), over the spheroid, b, ££» 


(iv) 9 =—v,aP,(p,), RS E a, €,== 45. 
Assume 
co à 7 7 - 
o= A b. P, (gO tapale qs) | II (6) 
n= 
Near the surface of the spheroid b, we have, by (2) 


oo oo oo 
$= X b,P.(u.(L) + 3 a, X (2r-1),o£(5, c, a, b) P.) p. (C). 
r=0 n=0 r=0 


Therefore the boundary condition over it gives, 
oo 
—bo,P,(u) = = b, P, (u)d (59). — 


oo oo 
T Ia, > (2r+1) 92r, 0,9, bP, (WP (fy). 


n=0 r= 


whence, equating the co-efficients of the zonal Harmonics, we have, 


Ozb. 








bo RE s BE 
—)E mb, +3 False , 09/1, e, a,b 
q'i(£9) A qi (£9) imo " edd | 
[ wa (7) 


“Oa EF.) X a. wo 33 
O=b +(2r4+1) £297 X a, ,e9(7, 0, a, b) ; r>1 
4 q' (Eo) «o J 
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Similarly the boundary condition over the other spheroid yields, 
on using (4). 
0-—a. P 


Ovas _ U^.) 
43 Pall) o b, ,@%(1, c, a, b 
Er ELEME UA E Ed ... (8) 


Oa, J-(2r4-1) Z$} AA o) - EM g(r, e, a, b); r>1 


Two parallel co-axial circular discs. 


In the case of two circular discs, we have, £, —, 6, =0, and since 





d ) P0. 2 
usd " =0, antil tad and 2s, 
(zr 0 Jansa (Ù T? q':(0) T 
we see that the even co-efficients a,,, ban vanish in the expression for 
the velocity-potential, and the above conditions reduce to 


a 
bom ug, 9 X aani Saar (I, 0, a B) 
T T n=0 
we (9) 
us = (4r--3) 3 men 199,44 (2r-+1, c, a, b), v2.0 
n= 
and 
oo 
a, ws +3. = Z ban $9? s a.i (1, e, a, b) 
BC V. (10) 


ski z 2 (4r48) 3 TERT © sear (Orb), c, a, b), r>0 


n= A 


The velocity-potential. 
The velocity-potential is, 


oo -- 
o= Z [ 5. nt Ponti (H)Go aai (D H- a4 4 Ps aai (Pr Gang (es | 
n=0 


. a Ta ; —Xz A oo 
putting m=0 by (2): V. J 7.09 = Sang J,.42(À2) 
o o 
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T Jaf J (Ap) E x bantang (àa) 


i V2 FU) ] n A1) 


where 


oo oo 
fAa)= Vb 2 Os n4192 n43 (Aa) ; Fb) Va z banti Ja nag (Ab) .. .(12) 


Two Simultaneous Integral Equations. 


Since 


T A/2 xx 
9? nar (9r Loa b) 5 sJ «2. atn) hid © from 9) 
go 
and 


2995 nya (2 t1, c, a, b) 


s b oo 
=. - — 5b 
2 v J e "da ya) Ja ate "E > from (58) 


We have, from(10), 


darp = = 2 (r3) 3 ben 20 easels ,6, a, b). 
n= 


— O0 oo 
= (4+3) E te Ta Sg r4 (ar) Ja ng (ba) bu 


by (5b), 


b [7 . de «eo i 
b fe 8847 43) raa (ar) 35, us Tenaglb') 
a A LÀ 0 


- fe er POA Sag O a 08 
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Similarly, by (9), by -4: 
— ge ` dæ 
= "E J e7** awh fier) r3). (D) : a (14) 
o 


2a, and .3bv, 
T T 


except when r—0, in which case, we must and on the 


right-hand sides respectively. 

Leb us now introduce another variable y, independent of v, and 
multiply the above equations (13) and (14) by Js:4$ (ay) and Jar+8 (by) 
respectively; then summing for all positive integral values of 7, 
we have, _ 


à me 2avs 
3a, rl Ta r43(ay) ENT Ja(ay) 


b [^ de = e 
+ Val eoo F(bx) F (47-+3) Jar4(ax) Js r$ (ay) T (15) 


and = 





T 


= noy 2bv, 
3b, rl Ja sy) = Ja(by) 


D oo da oo € 
+ VIC f ove? fas) 3 (drt 3)5 4 rn) To r49(by) ...(16) 
0 
But we know from a special case of Gegenbauer's theorem,* 
S (—) Q1) Joa) Jalg) =2 vay SB GE) uu 
3 (—)'@s-+1) sA) Vae) = VEU wy y 
and also 


2— 


ee _2 ;— sin (s—y) 
X (851) Jaala) Jerzy) 27 Vay —— > 


* Math. Ann., 11, 1871; G. N. Watson, The Theory of Bessel Functions, p. 525, 
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whence by subtraction, 


3 (lr +8) 3, ago) Ja) == ay | TED 


&—3 
— sin (#+y) ... (17) 
aby "n 
Hence, from (15) 
flay) _ av, Ja(ay) 
Viy T vy 
3d 4. sin a(æ—y) sin ey] l 
= ie A ca OU ade re NO eg i ND iie 8 
E Froo) [9226 sety ].. a8) 


and from (16) Te 


F(by) _ 2bv, Jg(by) 
Vay © Wy 


M a1 f". d sinb(r-y) _ sin b(e-+y) ]... 
= Jil J fon (SS eam 


which are the two simultaneous Integral equations. 
Two equal coaxial parallel circular discs. 


In the case of two equal coaxial parallel circular discs, a=b, and 
the above two Integral equations reduce to- 














flay) _ 2a, J3(ay) ae ) 
Vay ~w My ` 
— ıl ea sin p sin a(z4- y) 
NEZ! aby 
(20) 
F(ay _ 2av, Js(ay) 
and Sage = a 


F if -os Pru i [eem a(z—) sin te 
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Two special cases. 


(i) If v, =v,, we have by subtraction, "from (20) 


Kay) _ Flay) i 
May vay . 


E e Deed as | 62 -JDT a(z—y) | ET (81) 


This is & homogeneous Integral equation, of which the only 
continuons solution is zero,* so that we have f(ay)=F(ay), and 
consequently, 








T Vy 
_1 [a dex [5 a(z—y) sin a(e4-y) 
= J 6 Vag I0? "conn ety ase (a) 


(4) 1f v,=~—v,, we have by addition and arguing as before 
f=—F, whence 


flay) _ 2av, Talay) IN 





Vay T vy 
con EG ds sin a(z—y) sin a(s-- y) 


Approximate solution of the Integral equations (a) and (B). 


The same method of approximation may be applied both to (a) 
and (8). Let us consider the Integal Equation (f). 
Putting ay =z, the equation (8) reduces to 


* Whittaker and Watson, Mod. Analysis, 3rd ed., p. 217. 
From (8) and (10) it may be easily seen in the case of equal circles, that 25.,, 
—b,,44 and consequently from (12a) we have f=F, which corroborates the validity 


of the conclusion and indicates that -L is not a root of the equation D(A)=0, of the 


homogeneous integra] equation. 


24 
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Mz 


Let 


T 
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V; T Tats 


qa fi 1 f DE à qe E sin ons) _ sin (2-2) ] 


ie. zi = sin gn es) Bin sin (2+2) | im. 


=f ent? a ajs cos a Gen a ea] l 


po G o . . s 
=2f sin az da f e^** sin az de, 
o o 


by obviously valid inversion of order, 





1 H B 1 i 
1 K da a r+) e? r+2 
=2f sin az.ada * [5 ds. 
4 a? +k? 23 (- -) (2r--1) J a? Bi 


"Therefore, 


Now let 


wz atz 


D*I=(— yf» see [eint ants) 3 "x 


o 


= 8 ma ô 
aoa | ta 
ee ae os gt aL, batty - (22 
e Qr ] a) 
fi) = i B'r, 
Z 


then the above integral equation becomes, by using (22) 


(2r3-8) * 


att? da 


—~ 28s J " 
sae A BY ACRI {ae 
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from which we observe that only odd powers of z occur in fe) and 
z 


accordingly we have 
2a y 2+2 
d r w 
B,,41 — (2 ) va {—) @r+3)! 
1 
= 2 Jem). )' y antl a? tda 
7 (2r-p1)! » 3 Banya Dt J a? +k? 


=- 2, : 3B Bo nea [ (on 





‘GFT! «20 orp ayer 
(2n -- 4) | (2n. 4-6) ! 
7 SIQr irs * SIr 7ks t? "| oes (23) 
Approximation. 


(i) Central distance c being such that only the third power of a/c 
is retained, we have, 7 


3 
Qa\* pyr 202 gyrn Bi zz 
Bara —( a ) v, (—) @r+3)! ze) v'(2r1): 2+3 E 3 


Putting r=0, we have, 
s 
B (2) s [1-5 (4 )] ; 
: T 8 3a \c 
and consequently 


Barn c C(ai LI "webs i) | 


(id) Lf the fifth power of : is also retained, then, 





2a, (2r+2) _ TEA 1 
s ys Gray Grady 


Bina 


re [ss CR E £13 )- eee) 
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whence 





8 
— (24)? v. e. zs | k= 
=(*) 3 [1 RETE y eae 


s 
_ [2a\ v, [;_ 4 368 ] 
s=-( 2) 30 Ll ga 05s | 





MEC wee [a 4( 1 4 8r+15) ] 
and B,,41=(—) (2 Yo (r43) 1 Bn\ kS Bee wg) . 


The velocity-potenttal, - 
The velocity-potential of the motion is, from (12) and (13), 


P NE J 7 Jalpi- TE fü) [e-a 2—1] — . (2) 
o 
where 


f(z)2 Va 3 anti Jan43(#) has been found above 
0 





o 
und aaa Jn 5 
0 


2^. (ea) (4r--3) Ja ea Gr 
a a 


^4 


2av, 





except when r=0, in which case, ‘must be added to the right 


hand side. 


SECTION IL 


STEADY ROTATION OF TWO CIROULAR DISCS 


-IN A VISCOUS LIQUID. 
Part I. 
Two equal circles. 


We consider, as in the preceding section, two equal spheroids 
(both oblate) rotating with equal angular velocity Q, about the common 


axis of revolution; (é, p, w) and (£,, x, o) denote, as before, the oblate 
spheroidal coordinates of a point'in space,(z, p, v) and (s,, p,, «) denote 
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tho corresponding cylindrical coordinates, with respect to the centres 
of the two spheroids as origin; the z-axes being measured positively 
in opposite senses along the axis of revolution; a, the radius of confoca- 
lity and c, the central distance. The spheroids being equal must have 
the same ¢, say €,. Then with the usual idea, we have the geometrical 
relations, à i 


&4-2,750, 
1.6. p p, E, =0/a, 
and ba vi-y VE Rl =Vl—pi 6-41 we (1) 


Dr. G. B. Jeffery* has shown that, when squares and products of 
velocities can be neglected, v, the velocity in the direction w, (the other 
components —0), satisfies the equation 


V? (v sin w)=0, 


‘go that the determination of v ensures the solution of the problem. 
There being no slipping over the boundary, the boundary condition 
on either of the spheroids is- 


^ 


v-aQ 34-1 





-JITZE —— PtQQ 
VIZE saav 0. 
Pa. PY (m) 


v, therefore, satisfies the following conditions :— 


V (v sin v) —0, ^ w (2) 
vzz0, at infinity, eee (3) 


v—aQ V[3--1 P}(u), on one spheroid, } 
wi (4) 
v—aQ (3-1 P1(n,), on the other. 


Formation of an Integral equation. 
oo : 
Assume v= 3 a, [PaO +P AAG] ^. (5) 
"n 


which evidently satisfies the conditions (2) and (3). 


* Proc, Lond. Math. Soc., 1915, p. 997, 
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Near the surface of a spheroid, putting m1, and b=a, we have, 
Py (3), section 1, 


oo oo 
v= X PRO) Z at X rt) eis os Pip. 
TAE LE r= . ] 
The boundary condition over it gives 


oo 
aV Gl Pi(g- X a,PrGQ0giQ,)- 


+ 3 a, X (2r+1),w (r, 0, a)PHQ)p S) 


. REl 


whence equating the coefficients of the associated functions, we have 


MEEN —a,qi(£,) +3pi (£,). n &, ,wi(1l, c, a) 
(x) 
oo - | 
0 =4-9 (bo) +@r+1)pr(lo) 3. On Wi(7,6,2),7>1 j 


: ^ | 00. 
'l'herefore | a=- Gre DEOS 3 an ,01(*, 0, a); 0z1,2,8 ... (y) 
r o "nz 


When ral, there must be an addition of not AEL on the right hand 
qi 0 


side. 


Two ciroular discs. 


In: ‘the case of two circular ses we have £,=0. Again, as before,* 
pio o) 


qi) =0 or —2[m, 


according as 7 is even or odd respectively; and q} (j=. 


e 


Consequently we notice that the coefficients a,, do not occur in v, 
and putting r—2m 4-1, we have, from (y) ' : 


* Dr. Nicholson, Phil. Trans. Royal Soc., Vol.:204, 1924, p. 53. 
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2 in ' i 
Qamta Ta (4m-k8) 3 Genta 193 n4 (MEL, c, a), 


using the integral expression for q,, » 


= 4m +3 ae : 

= e+ EFA) A (2n 4-1 (20-2). 
X Taneg(da)To nag (ray e 

by (4), Section 1, 


4m 4-3 


oo : 
i n" na ee AC dy 
~~ (mal (m423) À Tang Oa) 


oo - 
x E (2n +1) (2n 2)a, iudi an) 


DN . AC 
= m43 eo nii dX . 
=~ m+ CFA e t Tami [Ss ^. (8) 
eo i : : 
where f(z)= A (2n 4-1) (2n -2)a, 4,755489) wa (7) 


m 


Introducing as before, a new variable y and” changing X into 2, 
multiplying by (2m--3)(2m--2)7, nez) and summing for all integral 


values of m, we have, as in the foreging problem, 


FG) 99 2.) 


ess da X 
=— |e Tfi) Pe (4m -3)J, n43 (a) Jans2(y) 


Jig [fL y, de [sin (z— in (a4 
The solution. 


This is the same Integral equation as that discussed in the previous 
section and requires no further analysis, 
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The value of v. 


From (5) and (2, Section I), 


oo e 
v= 2 Qni [ 914.02 gina (Q) + Pata (Hr) 93 041 (6,) | 


an, 
=~ fet Jo +6 qo rab aa 24402) 


TM oo 
T 
= M] —À —AÀ ar 
3/67 aI Qe) fa) 7x " 
o rt 
where the form of f has been approximately found above. 


Alternative method of determining the coefficients. 


The equations (x) may be solved differently thus :— 
The coefficients a,, vanishing, as has been previously sorsod, 


we have to solve 


m ) 
= 2a0 ee OX dangsa (l 6, a) pg | 
7 T, 90. ^ ae: 1 


oo i 
O= ry z (4r +3) x 832419! 4544 (rF L, c, a) ; 7>0 | 
E ui i 


We may obtain after some calculation, from (4, Section I), 
o, at (2r+1, 6,0) 


vor Cnt en em 9 a .artants 
Pr r1) r3) +38)! (4n-+3)! (20+ 9n 2) (—) 


grants 


1 1 
—(2r+2n+4) | e») { Bares) Sdn £5) } ta] a (9) 


whence 


linear dimensions 


8 
igh 
: central distance ) and hig er, 


(i) neglecting terms of order 
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a= the corresponding value of v is 


aarm 20,720]. v — 222 [PAROH PD) ] a0 


5 
linear dimensions ; 
LOCUM ee high 

central distance ) and tighen, 


PRI C )] 
1 T . Brie 


Q5 44720, 720; 


(ii) neglecting terms of order ( 


(iit) neglecting terms of order 





7 
linear dimensions ) i 
c d high 

central distance Png METEN, 


ante EO 





a 16a (a ) 
8 im Nc 


a, atl =0, >I. 
Part 1I. 
Two unequal eivcles. 


We assume the preliminary statements made in Part I, 
The geometrical relations (a, b denoting the radii of confocality) 
are assumed as 


apl+bp,f,=c and aVl—p? VE tl: =bv l- p} £341. 


We may easily deduce, as before, the following transformations, 


Pz(ujew)— X Qrlej(6a5)Pr(gp( © 501). 
r=™ : 


where ,o%(7, o, a, b) 


25 
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=(—)"+ È b (v—m) } (ntm); 











a (r+) ! cot ! Jas (D) qE- 
age " 2 - E E 8 . 
D-b-7 m 


and PrG)gr) X (r+i),02(r, eyb; a) Pra DPG) L0) 





where ,o7(r, o, b, a) Pe en È maps 
—f—jstm Q (r—m) | CET M 
=a? b tm)! m-m) us La "mn ) 
ZEE -) 
1 : D may (14) 
Assume 
7.0. Came: . 3 ! ` . . 
v= 3 Dash Reiegec) ]| - 7500 09 


Eo Lm 


Near the iiid of the spheroid, a, (£—£,), we Have, by Gl). 


v= 3 A,PHgND 3 B. 3 Ort1),04(r, o, a, BYP! pH) 
rl a-i r=1 XE x . 


até 


whence the boundary condition over it gives, by equating the coefficients 
of the harmonics, 
TES EE R > 
aQ 6$ +1 —Agi(5,) +38p} (0) X B. 10; (1, 060, b), : |> 
E 
J 


0 Banc RE OP: (&). E Bees l, Q, b), ET 


The boundary Sidik over the ind spheroid pren Ge s by 
using (18) l 


oo r 1 
bO, e541 zB,qi6,) 78 = A,,oa(1, e, b, a)piG 6), RE C | f 


...(B) 


oo 
0 —-B,qoGG)- (Qr Dpi(£,) 3I Angoi(rc,b,a),r>1 | 
n=} J 
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the boundary condition on the boundaries, aula to no slipping, 


being v=velocity in the direction ofw?. è. , is 


S 


sOaVi—p? Ail =aQ Viti P}(p), over the spheroid £,—£, 
$ 4 : » E 
V= bO, ^2 lPl(g,), over the spheroid b =b Q and Q, 


f 


being their aigalar velocities. 


Two unequal parallel circular discs, 


If £,—,£,—0, the two spheroids reduce to gwo i un- equal eircular 
discs of radii a and b respectively ; since: - ] 


c 





o Vas) =0, Dass (0) =—2 as 1 — 2 
da0) Si] a / 2 ~ ga (0) T 


the equations (A) and (B) become 


oo 
2D e Sify S Sox B, n1 193 »4i(1, fs d, b) 


7T 7T 





L.. (A 
0 Asa. GrnE3) E By ata ti e, a, b) jT ) 
0 =Å; : Xd os 3 EA | 
and vs / 
aor 
— 20; 3 2.3. 3 Asati stie e, b, a) 
T T a _ r - 
9 oo (B) 
0 - =B = (4r+3) X A, nth.s@angr(2r+1,'c,b,a)2>0 Y 
2-0 - AMAN ^ 
0 =B,,, 


whence, substituting from (B!) in (A^, 


194 HRISHIKESH SIRCAR 


~ co A 
Aim X EER POE ees ca pois 191(1, ¢, a, "| 
nzo 7 7T . 


Agr4im = Asneis Gontaeart 
nz 


Re See 


mo 190. (474-8) ,02(2r+1, 0, a, b)r>0 
T " 


where 


6, ntiz Orel 
4 L l : 
—-rt9 ,Ap-t3),01 0r 1, 6, a, b) ,o3 (2p 1, e, b, a) 
and, also 


200, _ mm a01 (1, o, b, a) 


T 


PA i 
B,— A Bonet Pants — 
R= 


MIELE peur =— È ren, 4 ter, ba); r>0 j 


r7 
E 
2 - 


where 


$a n1»9r4l 
' 


oo i 
- (4+3) A (Ap +3) 03 412p 1,0,2,5),0) , 4. (2r - 1,c,b,a) 


Approximate determination of the coefficients, ` 
We have from (12) 
193 544 (2r. 1, 0, a,b) 


2a rtan Cnt DOR) (2+1) (r+ 2m2)! bantigarti 


—— 


(2r --1)(2r--2) G3) 1 ] per FoRS” 


X 





(244-1) 1 (n3) 1 (2r-1) lpsn*agarsi (27 + 2n 4- 4) 1 1 pi 
(423) | 7 (424-8)! (4r3) 1 Qerrtarts ( ám 5 


1 " ] 
toyi a pe 
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and from) 14),;03,4,(2r+1, c, b, a)=a similar expression in which 
a and b are interchanged. 


oo . 
[I = A(dr+3) X (4p -3)92 s^ t« r4 


x Qp-F2n--2)1 (2p -2r-- 2)! (£n 4-1 (24-2) (2n-- D (2r4-1)! ((2p -- D]? 
(r+ 1) (2r 4-2) (4v 4-3) | (4n 3) 1 (4p +3) 1? 


g?r*a ntip4rts 
can t3rtapte € 


Osn¢isar4,== a Similar expression in which a, b are interchanged + ... 


and 6 ,,,= 16_ 05 





On? cê ese 
16  c*b* 
din = on® Uu +... 


whence 


: : linear dimensions y : 
t L——— —— —— high 
(¢) neglecting terms of order cnal dister and higher, 


7T 7T 


q- 
A, —_2a0 B, =— %9 l 


À, 54170, r>0 B, ,44—0, 120) 


The corresponding value of v is from (15) 


v=— 2 [a0 PEMO HDR, PL o1.) 


x : T 
(tz) neglecting terms of order crt) and higher, 


ani (typ B=- [o 8 (1) 


196 HRISHIKESH SiRGAR _ 
Ag 24170, r>0; | Bi 744170, r>0; Be euo 


" : Hier dinéngicna y EAM 
Í — d highe 
(97) neglecting terms of order MC EU ) and higher, 








a=- 2aQ Ae 16 g*b* I ELE 


on? “eo j Bme c5 5 ci 


Agr4, 20, 7» 1. 





B,--— 250, 2. [i4 16 a*b* 820 e(1- 6a? 4-5? ) 


Fma c5 ] 357 oe b oi 


_ 16 aids 
E cir 


Bara. =O, r>l. mo E Ag 
The corresponding value of v can be written down i once. 


The couple necessary to maintain the rotation. Mi. 


If (é, y, w) be a system of orthogonal coordinates, the elements of 
ares measured along the normals to the-surfaces £, y, o—const. are 


dé dn de 
hy hy hs ut Es RE 4 


respectively; and if (v, v', w) denote the corresponding components 
of velocity, we have, with the notation of stress-components, 


bm e, ash B x 22 
where p=coefficient of inb. Milone it (& ”) be conjugate 
functions of (z, p), we have b, =h, and hy : and if the solid be 
defined by é=const., we have, for the tangential stress on its surface in 


the direction perpendicular to the axis, pap D ( 2 ) and thé. total 
= j E s P - 
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couple exerted by the a on nthe ponds is 


G= Bs P yn 


the value of the integrand being taken on the surface of the solid 
and thé integration extending round the contour of the solid 


=2np for S. ( 2) 84 874 ut 
" [n 32 2) Be 8, n 
where (£, p, œ) form an orthogonal system adi that 


E f. (£) and uf, (7). 


In the 4 case of an oblate spheroid "we may take {=sinh é and 
p=ecos 7, so that the formula (2) takes the form . . | 


auc fo &G JA ES s 


Thus, taking v from (iii) of the preceding section, we have, 
a (2) a4 (an KAPE d*g, Pi(p) 
Oc p a \ Oe a df? Vi—ys 


(2-1) PX) af PHO WM 
a yi dt MES )[Bret+Baret ] 








+ 
Img 








. d : 
-e . s omm 


and the couple on the eirelo.a 


G —2«ua*A.( oa), de (1—p!)dg. 


The other terms vanishing due to the well-known integral properties 
of the products of associated functions and also due to the fact that 


(af pi | xim 
diN Vi 1: * 


16 
= a*A, 
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- pe [ ( 16 atb’ Y 40, Es 6a a 
a es Oz? c5 “Br c? des 5 i : 


0 bservation. 





(a) If terms of order ea y and higher be neglect- 


ed, we have from above 


324a? 


G= 8 . 


9, 


which is Dr. Jeffery's result for the rotation of-a single circular disc. 
We observe that the couple on either of the discs is quite independent 
of the rotation of the other, as we should expect. 

(b) If the circle b be constrained to rotate with a given spin Q,, 
the steady angular velocity with which the circle a would rotate if 
allowed to move freely, would be -that for^which the couple on it 
vanishes. Thus, corresponding to (zz) of the preceding section, the 
steady angular velocity - . 


E eu disc x ide +H) oe 


16 a?b* 
9r? cë 





14.15 








alee 6 at +b 


E vss |: to our order of approximation. 
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Tar THEORY OF INTERMITTENT ACTION AND BAND 
SPECTRA IN INFRA-RED 


By 
DHIRENDRA Kumar SEN AND Barpyanata Biswas 


The theory of intermittent action as developed by Kar has been 
successfully applied in several cases,* Ina paper published in “ Zeit- 
Schrift fur Physik” Kar and Biswas + found out an expression for 
the energy of an an-harmonic oscillator due to the asymmetric term «3 
in the differential equation of motion. In the present paper an attempt 
has been made to obtain the same expression from a different view of 
the intermittent theory. 

1. According to this theory the radiation, interacting on the oscil- 
lator, imparts impulses of equal magnitudes, mu, where 


i mu*-hv | w (1) 


If the oscillator receives the impulses when it is at its mean 
positions, its energy will be n'hy after n impulses. If, however, the 
impulses are given when the oscillator is at rest (momentarily) and is 
on the point of moving in the direction of the impulse, the energy of 
the oscillator will be nhv. 

Ist case. Let the velocity of the oscillator just before the nth 
impulse be denoted by «,.,, then the velocity just after the impulse 
will be u, — velocity before the next impulse. 


MU MU, “MUn .. (2) 


* Kar—Phys. Rev., Vol. 21, p. 695, 1923; Phys. Zeit., 24, 68,1993; Zs. f. 
Physik., Bd. 51, 5-6 heft, 416, 1929. 

Kar and Ghose—Phys. Zeit., 29, 143, 1928. 

Ghose—Phys. Zeit., 80, 160, 1929. 

Kar and Mazumdar—Zs. 7. Phys., Bd. 53, 34, 4 hoft, 808, 1929. 

Biswas—Journal of the Indian Mathematical Society, Vol. XVIII, No. 8, 1980, . 

+ Kar and Biswas, Bd. 59, 570, 1930. 
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Mu, mu, c, dumm. o, 2u, ete. —nu 
Energy, E' (n) —imu,?-—mn?hv from (1) ees (3) 


2nd case. Let the oscillatar be at distance —B,_, from its mean 
position when it receives the n^ impulse. Its energy, before the 
impulse 
or E(n—1)=3 mÀ*B3., TD (4) 
where 2--A$2—0 is its equation of motion. 


Since the body was at rest just before, the impulse generates a 
velocity equal to u. The subsequent motion being harmonic, the energy 
after the impulse, 


or Efn) =mi Bi, timu” i : = (5) 
=E(n—1)+hy -- (6), 


It follows that ^ E(»)-E(w»—2)--2hv and so on, 


—E(Q)- (n—1)hv 2007 7 asd) 
But E(1)—- imu? =hy 
^AE(n)-uhv. ra ws (8) 


2. We shall next consider the case of an-harmonic oscillator subject 
to the second hypothesis and shall try to obtain an expression for its 
energy corresponding to the result (8) for harmonic oscillator. 


Let 2, œ denote the position and velocity of the oscillator up to 
certain approximation, and ££ the changes in the above quantities for 


an additional degree of approximation. 
Change in potential energy 2imA*[U-F £)? —2*] 


=mn*e( a+ £) 


and similarly change in kinetic energy =mz(#+ 3. 
As we have to deal with mean values of the expressions for the energy 
in the case of an-harmonio oscillator we make the following conventions: 


The mean value of thé change in potential energy, for further 
approximation, will be taken to be positive or negative aecording as the 
mean value of £ (or é) is +ve or— ve. 
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Similarly for the change in the kinetic energy. 
3 The equation of motion for the harmonic oscillator is 
t+A2a=0 we (9) 
and that for the an-harmonic is 
T+Ate=— ar? — bs ... (10) 
where a, b are quantities of increasing orders of smallness. 


Let —b,., be the distance of the an-harmonic oscillator when it 
receives the »'^ impulse. It is evident that b,., will differ from B,_, 
only in terms containing a, 6,...Both the oscillators possess the 
velocity u just after the impulse so that the initial conditions for them 


ere s= —b,_, or —B,., and rz. 


The solution of (9) satisfying the initial conditions. is 
2=—B,_, cos M4- x sin M=2, (suppose) ... (11) 


Tt is clear that for subsequent motion 
E(n) —imA?B3. 


From (5) we-have 


2u? 


i , ete. .. (i2) 





Bi=Bt., Y-BiL,- 
and ultimately 


EJ 
Bi= we (12a) 


4, Retaining only the term in e in equation (10) and substituting 
(11) on the right-hand side we get the following equation as the 
equation of motion of the an-harmonic oscillator, 


aia ( s cos i+ sin My .. (18) 


b,., being writtien for B,_,-for the sake of better approximation. On 
reduetion this becomes 
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bem — 2 5 a, +a, cos 2M a, sin ani | .. (44) 
where . 
2 2 9. b,.. 
a, bi. +55, a,b. is and ¢,=— T .. (15) 


The solution of (14) is 


=A cos AM FB sin At— au [a Žas cos 2At— la, sin ant ].. 16) 


The initial conditions «=—b,.,, «v, give with (15) 


Qu? 
by =A gt e (aat a ) 


a 2 aubar, 


and u=B "ee 





Substituting in (16) we get 


æ= — by, cos i+ 2 sin MI [4-5 cos gu-L a, sin 2M + 


93 3 
+a, 008 T x e (7) 
where 
a= $ (b+ A ) and a mg ana oo "(18) 
und 


e as 1 a [2 . 2 
, &b, ,À sin Atu cos At X [s a, sin 2M 3 %s COS 2X 


—a, sin M -- a, cos x] .. (19) 
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5. Our object is to calculate b, in terms of b,., etc, We put 


2 
Ri.,—bi 4 xs and tan k = Man .. (20) 
so that * 
e 
#=R,_, sin (u— i qs [5 sin x] ^ (21) 


and 


2—XR,., cos (At— )-A G4 sin 2M —-*«-Fa, cos x] vee (22) 


3 
As each of « and z consists of two parts one of which is small we 


may assume that 2—0 and z has the greatest negative value when 
M—k=8r/2 +0 where 6 is small (of order a), because M—k—3v/2 


makes the first part of »=0 and that of z=—R,_,, its greatest negative 
value. The value of 8 can be obtained by putting ¢=0 and Men /2 
+6 in (22) ; that is, from 


i 2 n 
0—AXR,., sin 0— al — 3% ain 2k4- ri cos 2k 


+a, cos k--a, sin «| wee (28) 


Ó being neglected in evaluating the expression within the brackets for 
first approximation, As 6 is small we may put sin 0—Ó and cos 6-1. 
The equation (21) now gives the value of s which is evidently~b, 
for this value of A£—k. We obtain 


—b,——HR,., cos 6— ax [a+ - a, G08 Zk+ 5 a, sin 2k 


+a, sin k—a, cos r] vee (24) 


Substituting from (15), (18) and (20) and simplifying we get 


3 


ane n a by. -1 A 
E m [1+ 3% Bia {1- -(i- L) 1] ... (28) 


mene, [ue dt ne. (Cee YY] 
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up to first'power of a, * 
=A, Hu? F(R- „=b, 3) ... (26) 


Üp to this approximation we may ‘put 6,.,=B,., and therefore 
Ra- =B, [from (20)|within the brackets ; ; thus 


A353 —A?b$i.,-w?- * (Bi—B3_,) - (27) 
Similarly 
d2b2_, =A2D2_, bu? + = (B3_,—B3_,), 
and soon, Lastly 


Aab? =u? + E 2 (B3), 


Hence adding and removing common terms we have 
Mbtsnut+ 2 przy Bie gi ^. (28) 


6. Next approximation. Our procedure will be similar to that 
employed in the previous article. 0 will still be given by (23) as we 
shall require the values of cos 0 or1—}6*, a cos 0 anda sin 0. 
Substituting the values of cos b and sin k-and simplifying, we get 


I MM 


And from (21) and (24) we get the additional part of — b, for 
this approximation to be 


—1R,.,0:— [—2a,sin 2k--3a, cos 2b-F a, cos k+ a, sin k]. (30) 


a 


by putting A¢= = +(k+-6) within the brackets as is necessary upto 
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this stage. On simplification this reduces to —R,..,0? ww. (81) 


ues bum. [1+ E fi- (gen ) bae J-e 
. 


3A? 


from (25) and (31). 





2a mr ae )] 
9A3 R74 fı (z5 J 


c b 3)2 
46 T RE j1—( Fe ) i ] 
p vam 


 MbI=MR, [1e 





pe 2+( daa ‘ee 


With the help of (20) and (28) and the method of the last article 
we can obtain A?b2 in the following form: 


Arb) M Bt ES? B? +a’ f(n), say. - (G3) 


7. Now (17) and (18) can be put as 
g=2, té and qum, +ź R 


where x, is free from a, ie., % relates to harmonic oscillator and is 
given by (11). Energy, E,, due to z, is given by (8). 


Potential energy, or P, due to Eme 3, i) 


- ne [4-5 a, Cos 2—5 as sin 2M Fa, cos M- d, sin a | 
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a in A 
x o= ar [mets sin | 


. 
e + Part due from ine ( —b,.., cos MI sin At y- (84) 


as b,., contains a [See (28) and (23)]. 


5s a D. a Bus "n ma 4% " 
nes $5) ou gs ^t Hg 


m t part due from + mA? b2. ,. 


On substitution from (18) and (33) we have 


€ matut 


= ME (nt — 3n +2) + Titty ti 





+ i mafn-1) — - ... (85) 


Kinetic energy, or K, due to £ 


—mn£(s, 4-35) 
=— %2 | 3, sin 2M— Ža, cos 2M.—a, sin M M 
=- 3": sin — Bis cos —a, sin At+a, cos 


: a 2 : , 1 
x [a-f 3t sin 2A£—..;-F a, cos ul 
+ Part due from $m(b,..,X sin M-F« cos M)? vee (86) 


eae ne Peo EA = a 2 at sal sa 
~Ko mal te Ae ft SN Sais as 94s tg a4 5-05 


+ part due from qnss. 
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ut na —3n 42) + 067 Tt a? ^... -- ja b+ jma*f(n—1).(87) 





95 


as in (85). Since $ is—ve, é is zero and P and K are +e, 


LU T —— 
2 Hy=—P+K 





1 1 
5 fa- a ded a 
As there is the factor a? in the above expression we put therein 
b. iB. 
and from (15) and (12a) we get 


= ma’ a lna in ut 


15 ma?u*n* 
ae AT . mn (39) 


Putting 4mu* —hy, X—2sv and ma=3a,, we get 


E(n)--E,--E, 
np, 19  agh?n? 
—nhy 32, rm)’ ... (40) 


Note: It is necessary to show that P and K are positive. We begin 
by evaluating a?f(n) of the equation (83). From (20) and (28) we get 





$8 
R3_,=B3 i+ Eu ] and bte Bt | 15... i) 
Substituting in (32) and simplifying we obtain 


ADI =b? bu? IE g(B1— 


Bi.) 





p 
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[ 48: Bits ges (n—1)i4. —D* 
n 
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4n-+4(n—1)+ ep" } ] we (41) 
M n 
as B su" Now B? ü 
dan vu ow B$.,B, lies between B$., and Bi; 
thab is, J 
* * 
(n1) T «Bi, Base ^. (42) 


Thus we obtain that 

















s 2 5 aut 
13b? lies between X2b3_, +u? +5 (B: —Bia)* = t (8n —1) 
and Mbi Rut (Bi —Bia) (2m1 
a= 3 n a=- 3s n= ). 
So we can write 
= 2a a*u* 
Vip, Ab, Rut (BE — Bi) + Ba (Qn—1) .. (48) 
where 5<8<9. Similarly 
: 2 r] 
Vbi, mA, HU TIBI Bt) Br (2n —3) 
and so on. Lastly 
- 2a atut 
iE =u? RD ae 
^. adding up and removing common terms we get 
z 2a | pasu* 
A3bi—mu?4- 5 B,*-4 One n? ++ (44) 


where 5<p<9. Therefore 


4: 
f= En es (45) 
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With this value 


P= T3 u* 
144A5 





[C7 + 4pYn? + 8n(9—p) + 4(p—11)] .. (46) 


and 


= matu* 
K — 


Taare [(4p—8)n* +8n(9—p)+4(p—11)] + (47) 


which can easily be seen to be positive. 
Rajaram College, Kolhapur. 
10th July, 1980. 
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